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Abstract 



The analysis of the extremal structure of the scalar potentials of gauged 
maximally extended supergravity models in five, four, and three dimensions, 
^ ■ and hence the determination of possible vacuum states of these models is a 

computationally challenging task due to the occurrence of the exceptional 
Lie groups Eq, E?, E$ in the definition of these potentials. At present, the 
most promising approach to gain information about nontrivial vacua of these 
models is to perform a truncation of the potential to submanifolds of the 
G/H coset manifold of scalar s which are invariant under a subgroup of the 
gauge group and of sufficiently low dimension to make an analytic treatment 
possible. 

New tools are presented which allow a systematic and highly effective 
study of these potentials up to a previously unreached level of complex- 
ity. Explicit forms of new truncations of the potentials of four- and three- 
dimensional models are given, and for N = 16, D = 3 supergravities, which 
are much more rich in structure than their higher- dimensional cousins, a 
series of new nontrivial vacua is identified and analysed. 
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Chapter 1 
Introduction 



While three of the four fundamental interactions - namely the strong, weak, 
and electromagnetic force - can be cast into the framework of a unified 
quantum theory, one immediate problem that has to be overcome to also 
include the last interaction, gravity, is that the machinery of non-abelian 
gauge theory, which serves so well for the other three forces, cannot be applied 
directly. From the particle physicist's point of view, one important point 
is that the quantum of the field mediating gravity, the graviton, is not a 
spin-1 (vector) particle, as for the other interactions, but a spin-2 (traceless 
symmetric tensor) particle. Since an unified 'theory of everything' ultimately 
should not only quantitatively describe the observed particles and forces, but 
also give a good explanation why just this spectrum of matter and interaction 
particles is found in nature, theoretical approaches that unify particles of 
different spin deserve special interest. 

While a continuous symmetry whose generators form a Lie algebra can- 
not connect particles of different spin in an interacting theory (due to the 
Coleman-Mandula theorem [6]), this can be achieved by employing a sym- 
metry that contains anticommuting spinorial generators [29, 31, 49, 53]; such 
a symmetry, which connects bosons with fermions, has been dubbed super- 
symmetry. Soon after the advent of supersymmetry, it has been realized 
that a supersymmetric version of Einstein's theory of gravity exists [24, 10] 1 . 
This can just as well be regarded as a theory with local (i.e. gauged) super- 
symmetry - superficially, since the anticommutator of two supersymmetry 
transformations is a translation, local supersymmetry gives rise to spacetime 
diffeomorphisms. Vice versa, since supersymmetry is not an internal sym- 
metry, it must be made a local symmetry when going to curved spacetime. 

As a single supersymmetry transformation maps bosons to fermions and 

1 see e.g. [48] for a comprehensive introduction 
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vice versa by changing the spin by 1/2, and has vanishing square due to 
the anticommuting property particles are grouped into supermultiplets con- 
taining a fermionic superpartner for every boson and vice versa. Now, it is 
possible to introduce more than one independent supersymmetry transforma- 
tion [16], and hence make these multiplets spawn a larger range of spins, up 
to a maximal number of N = 8 independent supersymmetry transformations 
[8] combining the helicity +2 graviton with the helicity —2 graviton in one 
unique supermultiplet that entirely fixes the particle content of the theory. 

Two observations deserve special attention here: first, the total num- 
ber of spinorial components of eight four-dimensional real (Majorana, hence 
four-component) spinors is just the same as that of a fundamental eleven- 
dimensional spinor, indicating the possibility to construct a theory of an 
'extremal' eleven-dimensional N — 1 supergravity [7], which gives rise to 
various other supergravity theories upon dimensional reduction, but does 
not produce massless particles with spin greater than 2 (which, as common 
lore tells, cannot consistently be coupled to gravity [1]) upon reduction to 
four dimensions. Second, the equations of motion of maximal extended su- 
pergravity in D = 4 possesses a global -EV(+7) symmetry, and in fact, this 
symmetry conjectured from the study of dimensional reduction of D = 11 
supergravity to various dimensions considerably facilitated the construction 
of maximal N = 8 D = 4 supergravity. In general, the supergravity obtained 
from toroidal compactification of D = 11 supergravity on a rf-torus will, after 
dualization of all emerging p-forms to lowest possible rank, exhibit a global 
E\i-d{ii-d) symmetry [9]. For the particular case of d — 8, this gives the 
largest finite-dimensional exceptional group E s . 

Soon after the construction of extended supergravity, it was realized that 
part of the extra global symmetry can be made local[17]; in particular, in 
D = 4, one can introduce a local 5*0(8) gauge symmetry under which the 28 
vector fields of the supermultiplet transform in the adjoint representation [12, 
13]. The construction is quite remarkable in many aspects: first, it contains 
gravity as well as nonabelian gauge symmetry (albeit with a gauge group too 
small to accommodate the fundamental interactions of the standard model), 
second, it is, up to the size of the nonabelian coupling constant, a totally rigid 
construction (just as D — 11 supergravity itself) that does not feature any 
additional arbitrary parameters, like the number of particles per type, or their 
couplings, third, re-establishing supersymmetry after gauging introduces a 
potential for the scalars with a very rich extremal structure, giving rise to a 
large number of different possible vacua for such a theory. 

While the quantization of general relativity suffers from the fundamental 
problem that in the summation over all histories leading from a given ini- 
tial to a given final state, contributions from intermediate (virtual) particles 
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with arbitrarily high momentum cannot be brought under control by the ad- 
justment of finitely many parameters, as is required for a physical theory to 
have predictive power; that is, general relativity suffers from nonrenormal- 
izability. Since intermediate bosons and fermions give similar high-energy 
contributions of opposite sign, it was hoped that supergravity may also pro- 
vide a renormalizable, or rather, finite quantum theory of gravity, due to 
cancellation of positive and negative divergences. 

The state of affairs reported so far roughly mirrors the focus of very fruit- 
ful research on quantum gravity and unified theories during the first half of 
the 1980's; in particular the study of siblings of D = 11 N = 1 supergravity 
obtained by dimensional reduction to all possible spaces of lower dimension 
turned out to provide valuable insights into the general underlying struc- 
ture of such theories. With the advent of superstring theory, which contains 
supergravity as a low-energy limit and seemingly bears a better prospect 
to eventually lead to a viable 'Theory of Everything', research activity on 
supergravity generally declined, but was revived by recent major discover- 
ies; of prime importance is of course the observation that the five possible 
consistent ten-dimensional superstring theories do not stand in isolation, as 
was initially believed, but are interrelated by a 'web of dualities' which also 
connects them to e/even-dimensional supergravity [54] and is regarded as 
compelling evidence for the existence of a fundamental eleven- dimensional 
'mother' theory which has supergravity as its low energy limit and was pre- 
liminarily named M-theory. At present, it is hard to tell what will emerge 
from the up to now fragmentary knowledge of the structure of M-theory, 
but it is conjectured that discrete remnants of the hidden global -Eii-^ii-d) 
symmetries that emerge in toroidal compactifications of D — 11 supergrav- 
ity are already present in the original theory, and hence, obtaining a better 
understanding of these exceptional symmetries in supergravity is of major 
importance. 

Results on vacua of gauged supergravities presented in this thesis, which 
mainly deals with D = 3, are of considerable direct relevance to the cele- 
brated conjectured AdS/CFT duality originally proposed by Maldacena [37] 
for which a large body of evidence has been collected by now. It is claimed 
that supergravity in Anti-deSitter (AdS) space has a dual description in 
terms of a conformal field theory (CFT) living on the boundary of this AdS 
space. Thus, for example, supergravity solutions interpolating between dif- 
ferent vacua are in particular believed to encode a renormalization group flow 
for the corresponding CFT [25, 27, 3, 2]. 

Even by itself, the three-dimensional maximal gauged supergravity mod- 
els on which we focus here are quite remarkable. First, the underlying excep- 
tional symmetry is the maximal one, i?8(+8)) second, and in marked contrast 
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to higher-dimensional supergravity theories, the vector fields appear in these 
models via non-abelian Chern-Simons terms rather than the usual Yang-Mills 
terms. Since these terms which correspond to a non-abelian duality between 
vectors and scalars that does not have an analogue in higher dimensions 
cannot be obtained by any known type of dimensional reduction, it is im- 
possible to get the N = 16 D = 3 gauged supergravity models from D — 11 
supergravity, in contrast to higher-dimensional supergravity as well as the 
ungauged and half-maximal (N — 8) D — 3 models. This might hint at a 
new supergravity theory beyond the known D = 11 one, cf. [43]. Further- 
more, these models, which are the 'most symmetric' ones in three dimensions 
known, exhibit a vast richness in structure; since the choice of a subgroup of 
£ , 8(+8) as g au g e group is far less constrained in D = 3 than in higher dimen- 
sions, as an arbitrary number of unwanted vectors can be dualized away into 
scalars, this theory allows many more gaugings than its higher-dimensional 
cousins, some of which, like G 2 (-u) x i*4(-2o) or E 7 ( +7 ) x SL(2) even possess 
exceptional group factors 2 , none of which are possible isometry groups of an 
eight-manifold and hence could emerge in dimensional reduction of D = 11 
supergravity. Furthermore, in contrast to e.g. N = 8, D = 4, even for all 
the noncompact gauge groups, there is a vacuum of maximal supersymme- 
try where all scalar VEVs vanish, and the corresponding background super- 
groups also encompass the exceptional supergroups G(3) and F(4). Turning 
on scalar fields, the landscape of the corresponding potentials of the various 
models on the coset Es(+8)/SO(16) are probably the most intricate analyti- 
cal potentials encountered so far in supergravity and beyond. Indeed, from 
the computational aspect, there is good evidence that, while conceptually 
simple, it is probably entirely impossible to write down an explicit analytic 
expression for the potential on the whole 128-dimensional manifold of scalars, 
since the number of terms produced would exceed the number of particles 
available in the accessible universe by many orders of magnitude! 

All this makes the study of the extremal structure of these models an in- 
teresting and challenging subject, despite, or maybe even because, at present 
there is only a fragmentary understanding how they fit into the bigger scheme 
of things. 

This work is organized as follows: the present introductory chapter is 
intended to provide background information and lay out the conventions for 
subsequent chapters and was written with the intention to also give non- 
experts in the field of supergravity/superstring theory who are interested in 
this work due to the group-theoretical tools developed here at least a concep- 
tual overview over the underlying physical motivation. In chapter 2, we recite 



2 and in fact, all exceptional groups occur here 
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some important steps of the constructions of ungauged and gauged maximal 
three-dimensional supergravity models. Chapter 3 is dedicated to the study 
of the compact semi-simple gauge group 5*0(8) x 5*0(8), while noncompact 
gaugings are investigated in chapter 4. In order to demonstrate the generality 
of our tools, we present a single instructive example from four-dimensional 
supergravity in chapter 5 which increases the level of complexity to which 
the corresponding supergravity scalar potential has been studied by three 
orders of magnitude. The novel approaches to symbolic algebra employed by 
the tools developed to make such a deep investigation possible are discussed 
in chapter 6. Chapter 7 concludes. Restricted potentials which would have 
been too lengthy to be given in the main text have been moved to appendix 
A; since numerous new results on the vacuum structure of supergravity the- 
ories are claimed by this work which might appear quite bold, being well 
out of reach of previously existing technology, appendix B was added giving 
explicit LISP code which should enable the reader (in conjunction with the 
LambdaTensor software package) to redo the calculations leading to the main 
results of this work and serve as a starting point for further investigations. 



1.1 General Conventions 

Interpretation of conventions plays a key role for this work for two reasons: 
first, among our main results there are 'charts' where to find nontrivial vacua 
of gauged maximal supergravity theories that are given as elements of excep- 
tional Lie groups (not algebras); since it is difficult to develop an intuitive 
understanding of these groups, it is much easier to overlook mistakes that 
can be traced back to a mis-understanding of conventions than in many other 
branches of supergravity/string theory where enough structure is visible to 
give additional hints at correct interpretations of formulae. Second, due to 
the richness of structure in three-dimensional supergravity theories, it is at- 
tractive to employ computer aid in the quest for a systematic and exhaustive 
treatment, which naturally favours a low- level presentation and interpreta- 
tion of formulae, since all conventions eventually have to be spelled out in 
detail for the machine. For the sake of reproducibility of the results presented, 
a separate appendix is devoted to LambdaTensor definitions corresponding 
to key formulae given in the main text. 

Basically, one could - at least in principle - for the sake of definiteness 
resort to abandoning all conventions, including the Einstein summation con- 
vention, explicitly spelling out all summations, symmetrization factors, and 
subgroup embeddings. However, it is easy to convince oneself that doing 
so would clutter many formulae so badly that they become totally unpalat- 
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able. Hence, finding the right level of abbreviation hidden in conventions is 
a nontrivial issue for the presentation of results. 

The set of rules given in the following should provide a complete and 
unambiguous definition how to interpret every new result in the main text. 
Although this may seem unusual and maybe even unnecessary at first, in 
particular since many of these rules are widely used and well known, it is 
nevertheless hard to draw a line between those for which there is general 
consensus and those for which there is not. 

• (Einstein summation convention) When in a product, an index name 
appears twice, the product is to be prefixed with a sum of this index 
over all possible values of the index with this name. Index counting 
starts at l 3 (Note that we do not require this index to show up once 
as upper and once as lower; for example, in a sum like P^Qi over 
SU(8) indices, applying these rules will yield a non-S'L r (8)-covariant 
(but 5*0(8) covariant) quantity.) Indices which are explicitly bound 
otherwise, e.g. by a summation sign, are of course exempt from this 
summation convention. 

• (Index raising and lowering) When a tensor that was defined with an 
upper (lower) index I is used with the corresponding index as lower 
(upper), the corresponding group metric (or its inverse) is used implic- 
itly to lower (raise) this index. 

• (Index interpretation and index splitting) Index names are (potentially 
composed) glyphs from various alphabets. The assignment of index 
names to various group representations is explained in the text; when- 
ever (with one sole exception given below) a tensor that is defined with 
some index J corresponding to transformation under the group G oc- 
curs in a formula where in place of this index J, an index A of a different 
set of glyphs corresponding to a representation of a subgroup H C G 
shows up, and if there is a decomposition of the G-representation la- 
beled by indices of the type of J with respect to the subgroup H such 
that the range of index values for A directly corresponds to a sub-range 
of index values of the index J, then the A index is implicitly promoted 
to a J index by offsetting; that is, one implicitly inserts an extra em- 
bedding tensor factor Hja which contains entries 1 for J = A+ {offset) , 
zero for all other values of J and A. 



3 Here, we follow usual conventions although it would be more natural to start counting 
at zero in the context of index splitting. 
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(One-to-many index splitting) If a G-index decomposes to a group of 
if-indices in such a way that there is a one-to-one correspondence be- 
tween every possible combination for this group of iJ-indices and a 
corresponding G-index, and a group of ^/-indices appears on a ten- 
sor in a place where this tensor was defined with the corresponding G 
index, then this group of indices is implicitly promoted to the corre- 
sponding G index by the insertion of an appropriate extra embedding 
tensor factor H g h 1 f l2 ...h„ whose entries are all from the set {0; l}. 4 

(e and 5) The fully antisymmetric rank-iV tensor is denoted by e^...^. 
Its entries are +1 for even index permutations, —1 for odd permuta- 
tions, and otherwise. The tensors S) 1 , S) 112 , 5) ll2 '" l f , etc. are com- 
pletely antisymmetric in their upper, resp. lower indices and have 
entries l/k\, resp. —l/k\ if the sequence of indices i\ . . . i k can be ob- 
tained from ji . . . j k by an even, resp. odd, index permutation, and 
otherwise. Hence, 5^8^;^ = 

(Index symmetrization) Wherever a pair of indices is enclosed by an- 
tisymmetrizing brackets [ab], 5 they are to be substituted by otherwise 
unbound indices cd and an extra factor 5^ is to be introduced into the 
corresponding summand. Likewise for antisymmetrizing in more than 
two indices. (Since the translation of index symmetrization between 
typographical and machine representation is a little bit awkward, and 
hence error-prone if lots of formulae have to be translated manually, 
we frequently do not make use of it even if it could be applied.) 

(SO(N) adjoint indices) If <?i,<?2 are glyphs from the alphabet used 
to designate SO(N) vector indices, then composed glyphs of the form 
[<7i<72] will designate SO(N) adjoint indices. These N(N — l)/2 glyphs 
are consecutively labeled either by 1, 2, . . . N(N — l)/2 or equivalently 
by [12], [13],. . -,[lAq,[23],. . , [(N - 1) N} . 

(Index mapping) Whenever index embedding has to be performed that 
cannot be achieved by simple index-range splitting (like, for example, 
the split of an SO(N) adjoint index into a pair of SO(N) vector in- 
dices), then an explicit embedding tensor is given. Conventionally, all 



4 Note that these index splitting rules may generate ambiguities if one is not careful in 
the choice of alphabets. This has to be avoided. Furthermore, index groups obtained by 
implicit splitting will usually be offset a bit from other indices not belonging to the group 
to aid visual distinction. Note that this extra convention is not well suited for recursive 
application. 

5 a and b are not indices, but names for indices, and hence typeset in boldface here 
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embedding tensors are named H and distinguished by the types of in- 
dices they are carrying. (For example, if indices /, J designate SO (16) 
vector indices, and an index [IJ] a S0(16) adjoint index in the range 

1 . . . 120, then Hjj— is the corresponding embedding tensor.) Hence, 
such embedding tensors H themselves are exempt from the implicit in- 
dex promotion rules given above. Unless stated otherwise, embedding 
tensors H are defined in such a way that when they are used to map a 
collection of index values to a unique other collection of index values, 
the corresponding entry is ±1; for related entries, the lexicographically 
first one will be +1. (For example, an SO (16) adjoint index corre- 
sponds to two pairs of different SO (16) vector indices, but a pair of 
different SO (16) vector indices is mapped to a single adjoint index, so 

the corresponding rijy has -n^ - = —n^T = 1- 

• (Gamma matrices) 5*0(16) resp. 50(8) Gamma matrices (to be de- 
fined in the next section) are are denoted by T, resp. 7. For both 

types, tT n = TjhT&hT&ta •••7^Vi) 5 fci' and likewise ' = 

il.JtZ' =-&■■■ t (n -Jn-'Z- Furthermore, we 

Hpfine -y af3 — ft^^ V as well as -y 01 ^ 5 — V V ^y k ^ k 

aenne 7^ .- o pA 7 P« 7 A/3' as wen as 7^ .- o^^g, Ta'dT^TyjJ^ 

and lapis ■= K'^'sni'onp'al^ftl,^ obviously, since 7 g and 7^ are 
then discerned by the types of label only, we must not use ambiguous 
expressions like 7^, but rather write either Y^JSj or 7°^I<^- 

1.2 ^8 (+8) conventions 

The Lie algebra i?8(+8) plays a key role for this work. Hence we spell out all 
the conventions in full detail. Following [41], we define 

1 \ / 1 



1 \ / 1 x ' ' ' 



° : : 1 -1 J ae = v -1 

from which we obtain 50(8) 7- matrices using the tensor implementing 
the 2x2x2^8 mapping 6 

Oini = 1 O2112 = 1 O3121 = 1 O4122 = 1 (12) 

O52H = 1 06212 = 1 O722I = 1 08222 = 1 



6 Note that this matrix tensoring convention, which seems to be more widespread, ac- 
cidentally is just the opposite of that implicitly used in [21] 
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as well as the abbreviation 

Z a f}( a {A)\ &{B)] <7{C)) = a (A)a 1 /3 1 a (B)a 2 l3 2 a (C)a 3 t3 3 G aa 1 a.2a 3 G pfofofo (1-3) 



via 

7 1 = Z(a e ] a e ] a e ) 7 2 = Z(ai,a z ;a e ) 

7 3 = Z(a e ;ai,a z ) 7 4 = Z(a z ; a e ; a x ) 

7 5 = Z(a 1 ;a x ;a e ) 7 6 = Z(a e ;a 1 ;a x ) 

7 7 = Z(a x ;a e ;a 1 ) 7 8 = Z(a 1 ;a 1 ;a 1 ) 



(1.4) 



from which we form SO (16) T-matrices using to the splitting J — > (j, A;) of 
S0(16) vector and A — > (ce/3, 7<5), A — > (a$, 7<5) of Majorana-Weyl spinor 
and co-spinor indices by 

V aa = H i H «f3 H ^ 5 ^%s + H i H i0 H ¥ 5 ^lp 

1 AB - ^L 1 AC BC 

If we denote S0(1Q) adjoint indices running from 1 to 120 by [IJ], which 
naturally decompose into 5*0(16) vector indices /, J and split £8(8) adjoint 
indices A — > (A, [U]), then E 8 (8) structure constants are given by 

Jab - -njjH KL n c o VJI d K , L ,d d L ,j, , 

+\^a J b { h u h a h c + H^HfjHi - HiH*H») . {1 - b) 

In the literature, the intermediate SO (16) adjoint index in the splitting 
chain A — > [I J] — > I J frequently is not displayed explicitly. Instead, a 
modification of the usual Einstein summation convention is introduced where 
one has to include an extra factor 1/2 whenever a sum is performed over a 
pair of antisymmetric indices, correcting I J, JI double-counting. Since it is 
not entirely clear that this rule will not leave room for interpretation in some 
subtle cases (like the definition of -Es(+8) tensors in index-split notation), we 
will try to avoid it by explicitly including index splitting projection tensors 
in our formulae just as above when presenting new results. 

The conventionally normalized Cartan-Killing metric for £s(+8) 

Vab = ^fAV Q ft8Q V (1-7) 

where g is the dual Coxeter number of the Lie algebra (30 for E$) is then 
given by 

Vab = —5ab, V[u] [kl] — 8[ij][kl]- (1-8) 
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i?8(+8) is the only simple Lie algebra for which the fundamental and ad- 
joint representation are the same and this property plays an important role 
in the construction of N = 16 D = 3 supergravity. It can be expressed by 
the relation 

V~H M V = V M A t A & V M A = ^tr (t^V^V- 1 ) . (1.9) 

Furthermore, we define compact and noncompact i?8(+8) generators -X"[jj], Ya 
by c — 

(X[IJ]) B = f[IJ]B C , (Xa) C B = fAB C '• (1-10) 

It is convenient to take as a Cartan subalgebra the compact generators 
X[ 12 ],X[3 4], . . . ,X[i5i6]; this gives the conventional choice for the set of E$ 
root vectors as 120 vectors of the form {±ej ± ej\i,j e {1, . . . ,8}} plus 128 
vectors of the form {| (±ei ± e 2 . . . ± e 8 )} where the total number of minus 
signs is even. Most explicitly the ladder operators corresponding to the 
simple roots 7 are then given by {{t A ) C b '■= Jab C \- 



1 

2 


i 

2 


1 

2 


1 

2 


1 

2 


1 1 + 

2 2 T 


1 

2 


= +tg4 + itge ~ 


■ i^ioo + ^102 


T 


0+1- 


-1 











= +^159 + i ^160 


— i tm + tn2 


T 





0+1- 


-1 








= +^184 + i ti 85 


— i ^194 + il95 


T 








0+1- 


10 





— +^205 + i ^206 


— i #213 + *214 


T 











0+1-1 





= +^222 + i ^223 


— i ^228 + ^229 


T 














0+1-1 





— +^235 + i ^236 


— 1 ^239 + ^240 


T 














0+1+1 


= — 1244 + i ^245 


+ i ^246 + ^247 


T 














0+1- 


•1 


= +^244 + i ^245 


— % t246 + ^247 



(1.11) 



where our complexity conventions are such that for these compact generators, 
we have e.g. 

2], J+i+i o o o o o o] — +1 ' * T+i+i oooooo- (1-12) 
Note that if we substitute the ladder operator of the first simple root by 

7+1-1 — +^130 + ^ ^131 ~ ^ t 144 + t 145 (1-13) 

then the new set will spawn the maximal compact subalgebra 5*0(1 6). The 
ladder operator for the lowest E 8 root is 

Tli-i oooooo — — ti3o — — itiu + tus. (1-14) 
7 w.r.t. lexicographical ordering 
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-1-2 +2-3 +3-4 +4-5 +5-6 +6-7 +7-8 +- 



Figure 1.1: The extended Dynkin diagram of E 8 

From here on, we will use an abbreviating notation of E 8 roots; for the 
spinorial roots like (+|, — |, — |, — §, — |, — |, — |, we just write a se- 
quence of eight signs, hence 'H h' in this example, while for roots 

of the form ±e; ± e,-, we write ±i ± j, e.g. +3 — 4 for (0, 0, +1, —1, 0, 0, 0, 0). 

Sometimes, as in the construction of the -E , 6(+6) x SL(3) embedding tensor, 
a noncompact Cartan subalgebra is more useful. Here, we may take the 
generators F aj g<5™<5^, n G 1,...8. With respect to this Cartan subalgebra, 
simple roots are given by 

T-\ (- = — t-j2 — ^79 — ^86 + ^93 — ^100 + ^107 + ^114 + ^121 

—^143 + ^156 + ^167 + ^180 — ^188 — ^199 — ^206 + ^213 



2+2-3 — 


2 tn + 2 tis + ti3o — 


tl45 + ^185 + ^194 + ^222 — 


^229 + ^245 + ^246 


2+3-4 = 


—2 t 2 — 2 ^27 


+ ^134 


— ^149 


+ ^160 + ^171 + ^226 


— ^233 + 


^236 + ^239 


2+4-5 = 


—2 t 29 ~~ 2 1 36 


+ ^135 


+ ^148 


— t 159 + t 172 + t 227 


+ ^232 — 


^235 + ^240 


2+5-6 — 


~~ 2 ^38 — 2 £45 


~ ^134 


+ ^149 


— ^160 + ^171 ~~ ^226 


+ ^233 ~~ 


^236 + ^239 


2+6-7 = 


— 2 £47 — 2 £54 


— ^130 


— ^145 


— ^185 + ^194 — ^222 


+ ^229 — 


^245 + ^246 


2+7-8 = 


+2 ^56 + 2 1 63 


+ ^134 


+ ^149 


— ^160 + ^171 + ^226 


+ ^233 ~~ 


^236 + ^239 


2+7+8 = 


—2 1 56 + 2 1 63 


— ^134 


~~ t\m 


+ ^160 ~~ ^171 + ^226 


+ ^233 ~~ 


^236 + ^239 



and complexity conventions are such that 

[^ii)2+i+i 000000] = +12+1+1 oooooo- (1-15) 
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Chapter 2 



Maximal three-dimensional 
supergravity 

2.1 Ungauged N = 16 D = 3 SUGRA 

In the following presentation, we closely follow [43] . It is convenient to intro- 
duce gauged maximal three-dimensional supergravity theories via incremen- 
tal definitions that proceed through ungauged maximal three-dimensional 
supergravity, which was first constructed in [38]; the physical fields of this 
theory form an irreducible supermultiplet of 128 bosons and 128 fermions 
which transform as spinors and co-spinors of SO (16). In three dimensions, 
the dreibein e^ a as well as the gravitini ip 1 do not carry propagating degrees 
of freedom. Due to the hidden invariance of the ungauged theory under global 
£ , 8(+8) and local SO (16) transformations [9], scalar fields can be described 
by an element V of the non-compact coset manifold E^+g)/ SO (16). Using 
the 248-dimensional fundamental -E^+s) representation, V transforms as 

V( x ) -> gV(x)h~ 1 (x), g E £ 8(+8) , h(x) E 50(16). (2.1) 

Following the conventions of [38] and [43, 42], the scalar fields couple to 
the fermions via the currents 

V-^V = l -Ql J X IJ + P?Y A . (2.2) 

Defining the SO (16) field strength obtained from the connection Qj/ 
via 

Qtl := 2 {d^Qif + Q« [I Ql ]K ) , (2.3) 
as well as the covariant derivative 

D^i := d^l + ^^l + Q 1 /^ (2.4) 
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D,X A := d» X A + \^la b X A + \Q I » J T I j!sX B (2.5) 
this implies the integrability relations 

Qlt + \t%,p?p? = o, iVtf = °- ( 2 - 6 ) 

If we define the supercovariant current 

■■= pt - ( 2 - 7 ) 

then the Lagrangian 



Co = -\eR+\eP» A P* + \e^4,[D^l 

+e (| (XX) (XX) - hxi^ IJ XXl^ IJ X) 
is invariant under the supersymmetry variations 



(2.8) 



(2.9) 



V-^V = T I AA x A e I Y A 
<ty£ = D^e 1 - \re J X T IJ l^X 
Sy a = ^Jri .pA 

The equation of motion for scalars obtained from this Lagrangian is 

^(e^-teXi)) (2 10) 

= le^^XizPf + liexi^xT^P* 

which can be written in the form (by using the Rarita-Schwinger and Dirac 
equation for the gravitini and fermions) 

(ejf 1 ) = (2.11) 

with J^ 4 the conserved Noether current corresponding to the global -Es(+8) 
symmetry: 

ej*M = 2V M B P' xB - ^VuXl^ IJ X 

-2e-^ (yfttfrtl - iV l A ^ M Ai>li P x A ) ■ (2 ' 12) 

Since this current is conserved, we can introduce 248 abelian vector fields 
B^, defined up to gauge transformations, whose field strength B IUI M = 
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2d\^B v ^ M obeys ^ vp B vp M = eJ^ M . In order to find supersymmetry transfor- 
mation rules for these vectors, one can generalize the supersymmetry trans- 
formations of the 36 vector fields that are obtained by direct dimensional 
reduction of D = 11 supergravity 

SB* 1 = -2V M IJ e 1 ^ + i^V^e 1 ^ (2.13) 

which of course has to be compatible with the duality relation for the vectors 
and the Noether current, which can be re- written in supercovariant form by 
using the supercovariant field strength 

B, V M := V" + 2V M u^ - 2 i T I AA V M A ^ ll/]X A (2.14) 
so that it is given by 

e^B up M = 2eV M A P pA - % -eV M ' uXl^ 1 " \. (2.15) 

This equation defines 248 vector fields as nonlocal, nonlinear functions 
of the original 128 physical scalars +120 S0(1Q) gauge degrees of freedom 
(as long as the equations of motion are obeyed, i.e. the Noether current is 
divergence-free). By using the integrability equation (2.6), we can obtain the 
vector equation of motion from the derivative of the duality equation (2.15): 

d v B» vM = -\^ vp V^Ql J p + (fermionic terms(V)). (2.16) 

2.2 Gauged TV = 16 D = 3 SUGRA 

Part of the E 8 (+s) symmetry of the theory described in the previous section 
can be made local; let Go C -EW+s) be a subgroup of the global symme- 
try group i?8(+8) that can be promoted to a gauge group (we will see later 
that there is a simple group-theoretical restriction for which groups this is 
possible). Then, (2.1) is replaced by 

V(x) -> g (x)V(x)h-\x), g (x) E G , h(x) E S0(1Q). (2.17) 

The subgroup G of i?8(+8) that will be promoted to a gauge group is 
characterized by its embedding tensor QmN) which is the restriction of the 
Cartan-Killing metric i]MAf to the algebra corresponding to Go, and thus 
is given as a linear combination of projectors onto the simple factors of Go 
(where the relative coefficients in this linear combination turn out to be fixed 
by group theory, so that only a single gauge coupling parameter survives). 



22 



CHAPTER 2. MAXIMAL D = 3 SUGRA 



Labeling G adjoint indices by m, n, . . ., there is an embedding tensor 
Q^m that will map these indices to E 8 indices. By choice of an appropriate 
basis for the E 8 algebra, we can make these v = dim Go indices the first block 
of indices in a split 248 = v+. ... As usual with such index splitting, we would 
then use the convention that use of a Go index m, n, . . . in place of an E$ index 
A, B, . . . corresponds to the silent omission of some embedding tensor Q. 
Although this way of splitting indices will in general not be compatible with 
the index split suitable for the 5*0(16) decomposition of E 8 (+ 8 ) explained in 
section 1.2, we can nevertheless keep the convention that usage of a m, n, . . . 
indices corresponds to the silent omission of such embedding tensors. In 
particular, our convention shall be that silent indices are to be interpreted 
as in B™t m = BAQabP. 

From now on, let g be the gauge coupling constant; we first gauge- 
covariantize derivatives 

V-^V = \Q^IJX IJ + P A Y A 
^V-^V = \Q^X U + V$Y A . (2.18) 
= V'%V + gB™V-H m V 

The non-abelian field strength associated with this connection is 

= 2d { ,B u] m + gf m np B^B/ (2.19) 

and integrability conditions (2.6) become 

2iv*} = gB,rv mA ■ [Z - Z(}) 

Supersymmetry variations for the vectors still are given by (2.13). For the 
modified currents, they are 



SQjf = l^JY^^x^ + g^B^Vmjj 
8Vi = T I AA D,(x A e I )+g(5B, m )V mA . 



(2.21) 



(Note that the new currents also depend on g.) The modifications intro- 
duced here violate the supersymmetry of the Lagrangian (2.8) with currents 
replaced by the covariantized definitions. Restoring local supersymmetry will 
therefore require additional modifications to the Lagrangian as well as the 
supersymmetry variations. The extra terms that have to be added to the La- 
grangian can be obtained by the Noether procedure and turn out to be (at 
first order in g) Chern-Simons couplings for the vectors and scalar-fermion 
couplings of Yukawa type as well as (at second order in g) a scalar field poten- 
tial. These couplings as well as the scalar potential are functions of tensors 
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formed from the scalar matrix V M A as well as the gauge group embedding 
tensor ®mN'i one finds that these are 5*0(16) representations that can be 
obtained via suitable linear projections from the tensor 

Tab ■= V M A V M B 6 M Af (2.22) 

which is analogous to the T-tensors given in [13] and [30], but (as a conse- 
quence of the equivalence of the E$ fundamental and adjoint representation) 
is quadratic and not cubic in V. From T A b, we form the tensors 1 

= ^1 MNQ MM (2.23) 
A[ J = -65u + - T A bH^k\ H [jk] h ik^ h jk^ (2.24) 
A i A = -^TabH^j]Hjj^H^T j aA (2.25) 



Af B = 265 A z + —V I ^ L T A BH^j ] Hf KL] H [ I ^H [ KL 1 (2.26) 



The full Lagrangian of gauged N = 16 D = 3 supergravity is then 
C (cs) = lge^B™(d u B pm + lgf mnp B u n B p P) 

C<T> = \g>e(A[ J A[ J -\Al A Al X 



(2.27) 



where C is the Lagrangian of the ungauged theory, but with modified covari- 
antized currents, £ < - c * 5 - ) are the Chern-Simons couplings of the vectors, 
Yang-Mills couplings between scalars and fermions, and is the scalar 
potential term. Supersymmetry variations of the fermions must be further 
modified by terms 

5 g ^ = igA{ J ^e J , 5 gX A = gA^e 1 . (2.28) 

Explicit calculation then shows that this Lagrangian is supersymmetric un- 
der the given transformations and the superalgebra closes if and only if the 
T-tensor satisfies a series of linear relations which state that it is entirely de- 
termined by A 1 , A 2 , A 3 , as well as a set of differential and quadratic identities 
on Ai, A 2 , A 3 . Remarkably, all these constraints can be recast into a single 
group-theoretic constraint on the gauge group embedding tensor © which 



^he index splitting is given in most explicit form here, since these quantities are of 
prime importance for all subsequent investigations 
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states that under the decomposition into E 8 irreps 248 x 248 sym =l + 3875 + 
27000 the 27000 component vanishes. 

Under the maximal compact subgroup SO (16), these E 8 irreps decompose 
into (SO (16) Dynkin labels given in parentheses): 

3875 =>- 135(2ooooooo) + 1920(iooooooi) + 1820(oooioooo) 
27000 =>■ 5304(o2oooooo) + 13312( iooooio) + 6435 (00000020) 

+ 1820(oooioooo) + 128(ooooooio) + l(oooooooo) (2.29) 

The main subject of this work is the extremal structure of the scalar 
potential term 



(2.30) 



which determines possible vacua of these gauged maximal three-dimensional 
supergravity theories. 

Of the quadratic constraints on the T-tensor which eventually are sub- 
sumed under the gauge group embedding tensor projection condition, Eq. 
(3.25) of [43] 

A{ K Af J - l -A[ A Al A = ±5 IJ (a« l A« l - l -A« A A«^ (2.31) 

deserves special attention for this work, since it provides a nontrivial consis- 
tency check that the relative factor between the A 1 and A 2 contributions to 
the scalar potential has been chosen correctly in the machine code translit- 
eration of (2.22), (2.23), (2.30). 

Taking derivatives of the A-tensors with respect to an invariant vector 
field, 5V M B /SE A = f B CA V M c , we get [43] 

-j^a = T4 {^a K b t kjb^ab t kib) (2.32) 
SA IA 1 / 1 



5Z A 14 



^bA {^ac t bc + 2 Fab Tijmn^ (2.33) 



RA AB 1 

!VA = _ 48 7 ^ t abTijb (2.34) 

from which we obtain by re-writing projections of the T-tensor as the cor- 
responding A-tensors the scalar mass matrix of second derivatives for an 
arbitrary vacuum [19] 

—4 g A4ab = -%- 2 ^!^ 
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3 / r A JA A JB V I , pj 4 JA 4 /B F J \ 

1 1 .... 

, L r I aIJ AAB r J 1 r I A AC ACB-pI 

+ 2 AA 1 3 BB ~ 4 AA A 3 A 3 BB 

+^i^ r c^ B (2-35) 
while the scalar kinetic term is uniformly normalized as 

£ kiQ = ^ed^%Z A + ..., (2.36) 

independent of the particular vacuum. 

While the vectors do not carry propagating degrees of freedom when mass 
terms are absent, the vacuum will spontaneously break a gauge group Go to a 
compact subgroup H , causing the vectors associated with the broken gener- 
ators to absorb the corresponding Goldstone bosons and hence become mas- 
sive by a topological three-dimensional variant of the Brout-Englert-Higgs 
effect. As explained in [19], the vector mass matrix is obtained by restricting 
V M aV C a®nc to G , and this information may be extracted directly from 

M v a cc b = 9Tab. (2.37) 

The fermionic analogue of this transfer of degrees of freedom from matter 
fields to previously nonpropagating gauge fields is realized by some of the 
gravitini absorbing the Goldstinos produced by supersymmetry breaking via 
the super-Higgs effect [11]. 



2.3 Supergravity in AdS% 

In three dimensions, it is possible to define a dual spin connection 

Al := - l -e ah ^, bc (2.38) 

whose field strength 

F; u :=2d [ll A a u] +t a bc A b il Al (2.39) 

can be used to re-write the Einstein-Hilbert term in the action in Chern- 
Simons form 

-\eR = \e^e, a F vpa . (2.40) 
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Generically, stationary points of the supergravity potentials considered 
here are not true minima, but either maxima (as is e.g. the origin of the 
D = 4 N = 8 potential) or saddle points. Nevertheless, as has been shown 
by Breitenlohner and Freedman[5], such stationary points can nevertheless 
possess at least perturbative stability for negative cosmological constant if 
none of the second derivatives get too large with respect to the correspond- 
ing AdS radius; vacua with remaining supersymmetry will always be stable, 
since the positive energy argument of Poincare supersymmetry can be gen- 
eralized to the corresponding supergroups. For nonsupersymmetric vacua, 
an expansion to second order in gravitational and scalar perturbations shows 
that, since allowed fluctuations are required to have finite energy and hence 
fall off to infinity sufficiently fast in AdS, the corresponding positive kinetic 
energy term can overcompensate a negative second derivative of the potential 
as long as it is not too large. In d dimensions, one finds the bound for the 
scalar mass eigenvalues m [39] 

Am 2 L 2 >(d-l) 2 (2.41) 

hence, in our case, m 2 L 2 > —1. The AdS scale L is given by 

L- 2 = -2V (2.42) 

where Vo is the value of the potential at the vacuum. The Ricci tensor is 
given by 

iV = 4 v o9v = A 9^u (2.43) 
and the corresponding AdSs covariant derivative is given by 

K ■= d » + \l* ( V ± V) (2-44) 

with commutator 

K > V u] = \ Ha ( V + L~ 2 t ahc e, b e vc ) (2.45) 

Concerning the supersymmetries of a given vacuum, it has been shown 
[43] by using arguments from [30] that the number of unbroken supersym- 
metries is the number of eigenvalues a of Ai for which 

16a 2 = A[ J A[ J - \a[ A A[ A = (2.46) 

with L being the AdS scale, given by the value of the potential at a stationary 
point via 

Ag- 2 L- 2 = -8g- 2 V . (2.47) 

(Note that unbroken supersymmetry cannot be realized with positive cosmo- 
logical constant; maximal supersymmetry is equivalent to the vanishing of 
A 2 .) 



Chapter 3 



TV = 16 D = 3 Supergravity with 
compact gauge group 



3.1 On compact gauge groups 

The maximal compact subgroup of £s(+8) is 50(16). For the obvious em- 
bedding of 50(16) into £ , 8(+8) ) we have 0[/jja = and Qab = 0, hence 
the projection condition p 27000 @ = o for subgroups of this S0(1Q) reduces 
to the condition that may only carry the 135 representation of 50(16). 1 
(Of the other possible pieces, the 5304 is part of the 27000 of E 8 , and 
the 1 and 1820 have to coincide with the corresponding vanishing pieces of 
Oab-) Hence, due to tracelessness, there is no simple compact gauge group. 
One can show (cf. [43]) that of the maximal subgroups of SO(16), only for 
5*0(8) x 50 (8) there is a choice of the relative gauge coupling constants for 
which p 27ooo = (namely g-ij Q\ = —1). If we split SO (16) vector indices 
via / — > (i,i), the corresponding embedding tensor is given by 2 

Q AB = H!£H$ L (H{HjH«Hfbl - H{ Hj Hf S~j . (3.1) 

The question whether a group embedding tensor O with vanishing 27000 
component can be constructed from a nonmaximal semisimple subgroup of 
5*0(16) has not been answered yet. 

1 We may of course apply a boost to rotate (conjugate) this 5*0(16) inside £7 8 ( +8 ), 
rendering the ®[u]a = and &ab = components nonzero. This observation plays an 
important role for the construction of nonsemisimple gaugings [20]. 

2 that is, its (129,129), (130,130), (135,135); (143,143), (149,149); ...; 

(204, 204) components are 2, while its (221, 221), . . . (248, 248) components are -2. Note 

that with our splitting conventions, H^-HL J „ = H 1 / ■ 
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3.2 Techniques for finding nontrivial vacua 

The most fruitful technique for a study of the extremal structure of these 
potentials known so far appears to be that introduced in [51]: first, choose 
a subgroup H of the gauge group G (SO (8) in forementioned analysis of 
N = 8, D = A gauged supergravity, 5*0(8) x 50(8) for the case considered 
here); then, determine a parametrization of the submanifold M of i7-singlets 
of the manifold of physical scalars P. Every point of this submanifold for 
which all derivatives within M vanish must also have vanishing derivatives 
within P. The reason is that, with the potential V being invariant under G 
and hence also under H, the power series expansion of a variation Sz of V 
around a stationary point Zq in M where 5z points out of the submanifold M 
of ff-singlets can not have a 0(5z) term, since each term of this expansion 
must be invariant under H and it is not possible to form a i7-singlet from 
just one i7-nonsinglet. All the stationary points found that way will break 
the gauge group down to a symmetry group that contains H. 

The general tendency is that, with H getting smaller, the number of H- 
singlets among the supergravity scalars will increase. For i7-singlet spaces 
of low dimension, it easily happens that the scalar potential does not feature 
any nontrivial stationary points at all, while for higher-dimensional singlet 
spaces, the potential soon becomes intractably complicated. For the maximal 
gauged N = 8, D = 4 model, using the embedding of 577(3) C SO (8) under 
which the scalars, vectors and co- vectors of SO (8) decompose into 3+3+1+1 
gives a case of manageable complexity with six- dimensional scalar manifold 
for which five nontrivial extrema were given in a complete analysis in [51]. 
(It seems reasonable to expect further yet undiscovered extrema breaking 
5*0(8) down to groups smaller than 577(3); cf. chapter 5.) 

3.3 The potential on submanifolds 

3.3.1 Partial results for residual symmetry of S£/(3)di a g 

Since it is interesting to see how the extremal structure of N = 8, D = 4 
gauged 50(8) supergravity is related to N = 16, D = 3 50(8) x 50(8) 
gauged supergravity, especially since common lore tells that stationary points 
in higher dimensions have corresponding counterparts in lower dimensions, 
it is reasonable to try to lift the construction given in [51] to this case via 
an embedding of £V(+7) in -E^+s) , which works as follows: under the 50(8) l x 
50(8)^ gauge group considered here, -E^+s) decomposes into 248 — > (28, 1) + 
(1, 28) + (8„, 8„) + (8 S , 8 S ) + (8 C , 8 C ) (where we could apply further triality 
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rotations to each of the SO (8) that generate permutations of the left and 
right v,s,c labels). Note that the compact generators from (8„, 8„) extend 
5*0(8) x 50(8) to the maximal compact subgroup 50(16) of E 8<y+8 ), while 
the noncompact ones form a 128 of 50(16). 3 

When taking the diagonal of both 50(8) rotations in this scheme, each of 
the (8, 8) decompose into l + 28+35 V)SjC ; the three singlets (two noncompact, 
one compact) form an SL(2), while the compact generators from 35^ may 
be used to extend the diagonal 50(8) to 577(8) which is further extended 
by the 35 s and 35 c to £V(+7) which commutes with forementioned SL(2). 
Hence, under this E 7{+1) x 5L(2), 248 -> (133, 1) + (1, 3) + (56, 2). 

Re-identifying the i?8(+8) generators corresponding to the 577(3) singlets, 
resp. the SU{8) rotations used to parametrize the singlet manifold given 
in [51] is straightforward; exponentiating them, however, is not. Looking 
closely at explicit 248 x 248 matrix representations of these generators reveals 
that, after suitable re-ordering of coordinates, they decompose into blocks 
of maximal size 8x8 and are (by using a computer) sufficiently easy to 
diagonalize. 4 

Considerable simplification of the task of computing explicit analytic ex- 
pressions for the scalar potential by making use of as much group theoreti- 
cal structure as possible is expected, but nowadays computers are powerful 
enough to not only allow a head-on approach using explicit 248-dimensional 
component notation and symbolic algebra on sparsely occupied tensors, but 
also make this the preferable route when the aim is to investigate high- 
dimensional singlet spaces. This is explained in detail in chapter 6. 

One important complication arises from the fact that the manifold M of 
SU(3) C SU(A) C 50(8) diag C 50(8) x 50(8) singlets from the 128 is not 
six-dimensional, as in the D = 4 -EV(+7) case, but twelve-dimensional, since 
there are two additional singlets from the noncompact directions of SL(2) as 
well as four more from the (56, 2) . While explicit analytic calculation of the 
potential on submanifolds of M reveals that the full 12-dimensional potential 
is 5 out of reach of a complete analysis using standard techniques, it is never- 

3 This decomposition is particularly easy to understand starting from the set of roots 
of E% given in conventional notation by 120 ±e, ± ej and 128 ±l/2e/s with an even 
number of minus signs. This decomposition just corresponds to the split of 8-dimensional 
root vectors into pairs of four-dimensional root vectors, where the Cartan subalgebra of 
i?8(+8) is taken to be the sum of the conventional Cartan subalgebras of both SO(8), 
and for both 5*0(16) and S0(8), spinors are those vectors with entries ±1/2 and an even 
number of minus signs (cospinors odd). 

4 0nc advantage of this brute-force approach in comparison to more sophisticated con- 
siderations involving the octonionic structure of £^(+8) is that no extra work is necessary 
to handle the same problem for E 7 ^ + Tj and £?6(+6) • 

5 by now probably just 
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theless possible to make progress by making educated guesses at the possible 
locations of extrema; for example, one notes that for four of the five station- 
ary points given in [51], the angular parameters are just such that the sines 
and cosines appearing in the potential all have values { — 1; 0; +1}. Hence it 
seems reasonable to try to search for stationary points by letting these com- 
pact coordinates of this particular parametrization run through a discrete set 
of special values only, thereby reducing the number of coordinates. 

The immediate problem with the investigation of only proper submani- 
folds M' of the full manifold M of singlets is that, aside from the fundamental 
inability to prove the exhaust iveness of the list of stationary points with re- 
maining symmetry of at least H thus obtained, the vanishing of derivatives 
within M' does not guarantee to have a stationary point of the full potential. 
A sieve for true solutions is given by the stationarity condition (4.12) in [43] 

ZA[M A MA = A IB A AB^ (32) 

which has to be checked anyway, since coordinate singularities may also create 
'fake' stationary points. 6 

By doing the calculation, one finds that on the six- dimensional SU(3) C 
5*0(8) invariant subspace of E 7 ( +7 }/SU(8) (which one can identify as the 
space (SU(2, 1)/{SU{2) x 17(1))) x (SL(2)/U(1))) given in [51], the E 8 super- 
gravity potential does not feature any true nontrivial stationary points, hence 
the plan here is to extend the calculation to an eight-dimensional subspace 
of the full singlet manifold by also parametrizing the noncompact directions 
of SL(2). Explicitly, if we define an embedding of the su(8) algebra (here 
with indices i, j into the so(16) algebra via 

+ 1/2 if 1 = 1 J = j 

+1/2 if J = i + 8, J = j+8 

H*\ j = \ +1/2 if J=i + 8, J = j (3.3) 

-1/2 if J = i, J = j+8 

otherwise 

then this parametrization is given by 7 

r+C -^f C ^,1234 i ^,1256 , „,1278\ 

G l B — -^Iaf3B {l af 3 +l af 3 + la(3 ) 

6 For the purpose of illustration, imagine a 2-sphere conventionally parametrized by 0, <fi 
and a scalar field $ on the sphere whose gradient at the north pole is parallel to the (f> = ir/2 
great circle. Then for the scalar field given in 8,(f> coordinates, de$\N = c^^at = 0, but 
this point is not a stationary point. 

7 Note that Gf and commute. 
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1 /• C / ^,1357 | ^,1368 , ^,1458 , „,1467\ 
:= |/a/3B l _ 7 a /3 + 7 a/ 3 + 7 Q/ 3 + 7a/3 J 






:= f [u] B c H [ j^H IJ j [5] - 4 - 4 5^5) 

" L _ J J '-> \ J 'J ° J / 




yW)C 


•= /[f J] B # i J -lOgdJ 






:= / [JJ]B C ^^(^J-^) 






:= J(^ s 


(3.4) 




== \f M B C H l £H!H}S* 






1 f Cza/3 




V 


= exp(wW) exp(zZ) exp(— wW) 





exp(aX (a) ) exp(0X w ) exp($X w ) exp(ipX w ) 
exp (XiGt + A 2 G+) 

exp(-^X w ) exp(-^X w ) exp(-0X w ) exp(-aX (a) ) 
and the corresponding analytic form of the potential reads 8 
-8g- 2 V = 

^ + § cos(4 (j)) + 3 cos(2 a) cos(2 0) + | cosh(2 A 2 ) 

+| cosh(4A 2 ) - \ cosh(2A 2 ) cos(4<^>) 

+| cosh(4A 2 ) cos(4 0) - 3 cosh(2A 2 ) cos(2a) cos(2 0) 

+3 cosh(2Ai) - 3 cosh(2Ai) cos(2a) cos(2<£) +9 cosh(2Ai) cosh(2 

+3 cosh(2Ai) cosh(2A 2 ) cos(2a) cos(2 0) + 4^ cosh(z) cosh(Ai) 

+H cosh(z) cosh(3Ai) — ^ cosh(z) cosh(Ai) cos(4 0) 

— S cosh(z) cosh(3Ai) cos(4</>) 

— | cosh(z) cosh(Ai) cos(2a) cos(2</>) 
+| cosh(2;) cosh(3Ai) cos(2a) cos(2^>) 
+y cosh(z) cosh(Ai) cosh(2A 2 ) 

— cosh(z) cosh(Ai) cosh(4A 2 ) 

— g cosh(2;) cosh(3Ai) cosh(2A 2 ) 
— 1| cosh(z) cosh(3Ai) cosh(4A 2 ) 

+| cosh(z) cosh(Ai) cosh(2A 2 ) cos(4 0) 

— 7§j cosh(z) cosh(Ai) cosh(4A 2 ) cos(4</>) 
+ g cosh(2;) cosh(3Ai) cosh(2A 2 ) cos(4 0) 

— ^2 cosh(z) cosh(3Ai) cosh(4A 2 ) cos(4</>) 

+| cosh(z) cosh(Ai) cosh(4A 2 ) cos(2a) cos(2</>) 

— | cosh(z) cosh(3Ai) cosh(4A 2 ) cos(2a) cos(2 0) 

8 Due to right 5*0(16) invariance, this calculation can be greatly simplified by omitting 
the exp(— . . .) factors in this expression. The computation of this potential took slightly 
more than two hours of CPU time on a 1.7 GHz Pcntium-IV. 
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+i| cos(u> — 3a) sinh(Ai) sinh(z) + y| cos(w + a) sinh(Ai) sinh(z) 

— ^ cos(u> — 3a) sinh(3Ai) sinh(z) — ^ cos(w + a) sinh(3 Ai) sinh(z) 

— ^ cos(u> — 3a) cos(40) sinh(Ai) sinh(z) 
+ 4r cos(w — a) cos(2</>) sinh(Ai) sinh(z) 
+p cos(u> — 3a) cos(4 0) sinh(3Ai) sinh(z) 

— g cos(w — a) cos(2 0) sinh(3Ai) sinh(z) 

— | cos(w — 3a) cosh(2A2) sinh(Ai) sinh(z) 
—6 cos(u? + a) cosh(2 A2) sinh(Ai) sinh(z) 

— ^ cos(w — 3a) cosh(4A2) sinh(Ai) sinh(z) 

— ^ cos(u> + a) cosh(4A2) sinh(Ai) sinh(z) 
+| cos(w — 3a) cosh(2A2) sinh(3Ai) sinh(z) 
+^ cos(u> — 3 a) cosh(4A2) sinh(3Ai) sinh(z) 
+ ^7 cos(u> + a) cosh(4A2) sinh(3Ai) sinh(z) 

+| cos(w — 3a) cosh(2A2) cos(4<^>) sinh(Ai) sinh(z) 
—6 cos(w — a) cosh(2A2) cos(2(j)) sinh(Ai) sinh(z) 

— p cos(w — 3a) cosh(4A2) cos(40) sinh(Ai) sinh(z) 
+1 cos(w — a) cosh(4A2) cos(2 0) sinh(Ai) sinh(z) 

— g cos(w — 3 a) cosh(2A2) cos(4 0) sinh(3Ai) sinh(z) 
+^ cos(u> — 3a) cosh(4A2) cos(4c/>) sinh(3Ai) sinh(z) 
+| cos(w — a) cosh(4A2) cos(2^>) sinh(3Ai) sinh(z) 

Note that again, just as in four dimensions, the dependency on the angular 
coordinates drops out. Parametrizing six dimensions, this potential is 
slightly more general than the one given in [21] (which furthermore uses 
a different normalization of the embedding tensor and hence has to be re- 
scaled by a factor 1/4 to compare it with this result); at first, it looks a bit 
surprising that the extra SL(2) angle w combines so nicely with the SU(8) 
angle a, where one a priori might have expected this extra angle to at least 
double the complexity of the potential. 



3.3.2 Residual symmetry of G^diag 

Before we turn to the discussion of stationary points of the potential of 
N = 16 D = 3 SO (8) x SO (8) gauged SUGRA, let us look at parametriza- 
tions of some other particularly interesting submanifolds. The subgroup of 
50(8) diag that leaves both the vector and the spinor whose coordinates are 
(0, 0, . . . , 0, 1) invariant is G 2 which in our conventions (1.4) also leaves the co- 
spinor (0, 0, ... , 0, 1) invariant. Hence, we get one G2 singlet from each of the 
(8, 8) 5*0(8) x 5*0(8) representations, and the group commuting with 02diag 
is SL(2) x SL(2), yielding a four-parameter submanifold of Eg(+s)/ '50(16) 
on which the potential can be calculated without further truncation, so one 
can hope do deduce a statement about all stationary points with at least a 
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remaining symmetry of G^diag- 

The simplest case featuring a nontrivial stationary point is obtained by 
restriction to the submanifold of 5*0(7) singlets where SO (7) is chosen in 
such a way that either 8 S — > 7 + 1 or (here, equivalently) 8 C — > 7+1. 
When using a suggestive parametrization for the G2dia g case, this simpler 
case follows by omitting one angular parameter. 

The manifold of G^diag singlet scalars is parametrized by 

V C B := f mB c H [ j^HlHj{25li-\5^ 

S C b ■= \Ub C {^X~^) 

W C B , Z C B as in (3.4) (3.5) 
V = exp(wW) exp(zZ) exp(— wW) 
exp(vV) exp(sS') exp(— vV) 



yielding the potential 



-8g~ 2 V = 2 -f + l cosh(2 s) + f cosh(4 s) + f cos(4 v) 

— | cos(4t>) cosh(2s) + | cos(4t>) cosh(4s) 

cosh(z) cosh(s) + ^ cosh.{z) cosh(3s) 

— ^ cosh(2) cosh(5 s) — || cosh(,2) cosh(7s) 
— 1| cos\i(z) cos(4t>) cosh(s) 

+H cosh(2) cos(4t>) cosh(3s) 
+^ cosh(z) cos(4t>) cosh(5s) 

— ^ cosh(2;) cos(4f) cosh(7s) 

— vxt cos ( w ~ v ) sinh(s) sinh(2) 
+fH cos(u> — f ) sinh(3 s) sinh(z) 
+ j|g cos(u> — f ) sinh(5 s) sinh(z) 

— cos(u> — f) sinh(7s) sinh(z) 

— ^ cos(u> + 3t>) sinh(s) sinh(z) 

cosl^ + 3f) sinh(3s) sinh(^) 

— X cos(w + 3f) sinh(5 s) sinh(,2) 

— 6l <x>s(w + 3v) sinh(7s) sinh(,2) 
+^ cos(w + 7 v) sinh(s) sinh(,2) 

cos ( w + 7 v) sinh(3 s) sinh(z) 
+j|g cos(-u; + 7v) sinh(5 s) sinh(2;) 

— j-§8 cos(w + 7f) sinh(7s) sinh(z) 
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which reduces to the 50(7) potential by setting v = 0, giving 

-8g~ 2 V = 33 + 7 cosh(4 s) + y cosh(,2) cosh(s) + 7 cosh(,2) cosh(3 s) 
— \ cosh(2) cosh(7s) — ^ cos(w) sinh(s) sinh(^) 
+7 cos(w) sinh(3s) sinh(^) — | cos(w) sinh(7s) sinh(^) 

(3.7) 



3.3.3 Residual symmetry of S'0(6)diag 

For noncompact gauge groups (to be discussed in the next chapter), any 
vacuum will break the gauge group down to a subgroup of its maximal com- 
pact subgroup, thus when studying gaugings like 5*0(6,2) x 50(6,2), it is 
natural to consider breaking to groups like H = SO (6) di ag - Once a suit- 
able parametrization of the submanifold of i7-singlets is obtained, this can 
often be re-cycled for other gauge groups by re-doing the calculation with 
a different embedding tensor 6. Hence, of all the possible ways to embed 
SO (6) into SO (8) x SO (8), we will consider here only the case of the di- 
agonal 50(6) of the 50(6,2) x 50(6,2) subgroup of 50(8,8) which itself 
is formed from the (1, 28) + (28, 1) + (8 S , 8 S ) of the E s -> 50(8) x 50(8) 
decomposition 248 = (1,28) + (28,1) + (8„, 8„) + (8 S ,8 S ) + (8 C ,8 C ). The 
particular choice we make is that our 50 (6)di ag shall leave fixed the last two 
spinor coordinates. Using such a diagonal embedding, there are five singlets 
under 50(6) x 50(2), seven singlets under 50(6), and twelve singlets under 
£77(3), so from the point of complexity, so it is reasonable to try to cal- 
culate the potential on the 50(6) invariant seven- manifold, which consists 
of the noncompact directions of the SL(3) x SL(2) group commuting with 
£0(6)dia g - The generators of this £L(3) x SL{2) are given as follows, in the 
same notation as in [19]: 

Pi C B = \ {$& + &A - Si4 + 6\6i) (5[ <5/" 8 - 5{-*5i + 5{-*5J - 5(5^) / M / 

P2 C B = ^ («/" 8 «/ " W" 8 ) W 

Ps C b = ~ \ (5\5{ + Si4 - 44 + SlSi) (5{5j - Stf - 5f" 8 5/- 8 + Sf'^' 8 ) f MB > 

v£b = h^-m + m + ^l)^-^f)f a pB C 

P5 C B = h 6 " $ fa?B C PS C B = {s?5%-8%SP)f a p B C 

P7 C B = \^f* P B C P8 C B = P7 C B-2^S^+5^f a/3t3 C 

H C B = \ fe + SiSi - 5151 + 5\5i) (5/5/ - 5f 5] + 5^5^ - 5^5^) / M / 
Q2 C b = 1{S?5P - S%5§) f af3B c q 3 c B = \{s^4 + ^)Ub c - 



(3.8) 



3.3. THE POTENTIAL ON SUBMANIFOLDS 



35 



The p-, resp. g-generators stand in one-to-one correspondence to the 
following SL(3) resp. SL(2) generator matrices in the defining representa- 
tions that satisfy the same commutation relations (e.g. [ps,P6] = 3^3 and 
IPs, Pe] = 3 pz) and hence are much better suited to read off such commutation 
relations than above Eg generator definitions. 



Pi 



Pi 



Pi 



Qi 




P2 



P5 



Ps 



<?2 






1 


-1 











1 




1 


:) 







1 





1 










1/2 








-1/2 



P3 



P6 




<?3 



1/2 

1/2 



(3.9) 



The noncompact directions of SL(3) are hence equivalent to the symmet- 
ric traceless 3x3 matrices, and since the axes of any tensor ellipsoid can be 
aligned with the coordinate axes by a suitable rotation, we parametrize the 
scalars from SL(3) by applying all SO (3) rotations (which we parametrize 
by yzx Euler angles, since such a system is better behaved in terms of co- 
ordinate singularities than a zxz system 9 ) to all linear combinations of two 
linear independent commuting diagonal matrices. Thus a convenient coordi- 
nate parametrization of our seven-dimensional singlet space is given by 

V = exp (ripi) exp (r 2 p 3 ) exp (r 3 p 2 ) 
exp (zp 8 - sp 7 ) exp (-r 3 p 2 ) 
exp (-r 2 p 3 ) exp (-ripi) 
exp (r 5 <?i) exp (v q 2 ) exp (-r 5 q{) 

and the potential we obtain reads 
-8g- 2 V = 

27 + 3 cosh(4z) + 3 cosh(4z) cos(2r 2 ) -3 cosh(4z) cos(2ri) 
— 3 cosh(4z) cos(2ri) cos(2r 2 ) + \ cosh(4s) 
+\ cosh(4s) cos(2r 2 ) — \ cosh(4s) cos(2ri) 

9 Hence, the yaw, pitch, roll system used in aviation is also of zxy type. 



(3.10) 
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— \ cosh(4s) cos(2ri) cos(2r 2 ) +9 cosh(2s) cosh(2z) 
+| cosh(2s) cosh(6z) — 3 cos(2rs) sinh(2z) sinh(2s) 
+\ cos(2rs) sinh(6z) sinh(2s) 

—3 cosh(2s) cosh(2z) cos(2r2) — \ cosh(2s) cosh(6z) cos(2r2) 

— 3 cos(2r2) cos(2r3) smh(2z) sinh(2s) 
+ \ cos(2r2) cos(2r3) sinh(6z) sinh(2s) 

+3 cosh(2s) cosh(2z) cos(2ri) + \ cosh(2s) cosh(6z) cos(2ri) 

— 9 cos(2ri) cos(2r3) smh(2z) sinh(2s) 
+ | cos(2ri) cos(2r3) sinh(6z) sinh(2s) 
+3 cosh(2s) cosh(2z) cos(2ri) cos(2r2) 
+ \ cosh(2s) cosh(6z) cos(2ri) cos(2r2) 

— 12 sin(2r3) sin(r2) sin(2ri) sinh(2z) sinh(2s) 
+ sin(2r3) sin(r2) sin(2ri) sinh(6z) sinh(2s) 
+3 cos(2ri) cos(2r2) cos(2r3) sinh(2z) sinh(2s) 

— \ cos(2ri) cos(2r2) cos(2r3) sinh(6 2;) sinh(2s) 
+ cosh(2 v) + 9 cosh(u) cosh(4z) 

— 3 cosh(-u) cosh(4z) cos(2r2) 
+3 cosh(-u) cosh(4z) cos(2ri) 

+3 cosh(i;) cosh(4z) cos(2ri) cos(2r2) 

— \ cosh(2u) cosh(4s) — \ cosh(2t>) cosh(4s) cos(2r2) 
+\ cosh(2t>) cosh(4s) cos(2ri) 

+ j cosh(2w) cosh(4s) cos(2ri) cos(2r2) 

+15 cosh(i;) cosh(2s) cosh(2z) — | cosh(2-u) cosh(2s) cosh(6z) 
+3 cosh(-u) cos(2r3) sinh(2z) sinh(2s) 

— \ cosh(2u) cos(2r3) sinh(6z) sinh(2s) 
+3 cosh(-u) cosh(2s) cosh(2z) cos(2r2) 
+\ cosh(2t>) cosh(2s) cosh(6z) cos(2r2) 

+3 cosh(t;) cos(2r2) cos(2r3) sinh(2z) sinh(2s) 

— \ cosh(2w) cos(2r2) cos(2r3) sinh(6z) sinh(2s) 

— 3 cosh(-u) cosh(2s) cosh(2z) cos(2ri) 

— | cosh(2u) cosh(2s) cosh(6z) cos(2ri) 

+9 cosh(w) cos(2ri) cos(2rs) sinh(2z) smh(2s) 

— | cosh(2t>) cos(2ri) cos(2r3) sinh(6z) sinh(2s) 
—3 cosh(-u) cosh(2s) cosh(2z) cos(2ri) cos(2r2) 

— \ cosh(2t>) cosh(2s) cosh(6z) cos(2ri) cos(2r2) 
+12 cosh(w) sin(2r3) sin(r 2 ) sin(2ri) sinh(2z) sinh(2s) 

— cosh(2t>) sin(2r3) sin(r2) sin(2ri) sinh(6z) sinh(2s) 
—3 cosh(-u) cos(2ri) cos(2r2) cos(2r3) sinh(2z) sinh(2s) 

+ \ cosh(2f) cos(2ri) cos(2r2) cos(2r3) sinh(6z) sinh(2s). 
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3.3.4 Residual symmetry of S0(5)di a g 

For an embedding of SO (5)di ag analogous to the SO (6) embedding studied 
in the previous section (i.e. 5*0(5) leaves fixed the spinor indices 6,7,8), 
the manifold of invariant scalars is 14-dimensional, and therefore too big to 
justify its use for this approach. However, a particularly interesting subgroup 
to consider is an analogously formed (SO (5) x 50(3)) diag , since there is a 
known de Sitter vacuum of 50(5,3) gauged N = 8 D = 4 supergravity. 
Employing the techniques of the last section, it is very tempting to go even 
a bit further and delete the 6,8 and 7, 8-rotations from 50(3) to break to 
50(5) x 50(2), since the invariant manifold then is the six-dimensional space 
R x 5L(3)/50(3). 

We first want to consider the simpler (50(5) x 50(3)) diag case whose 
three singlets are the two noncompact directions of the 5L(2) commuting 
with EV(7) which we again parametrize as in 3.4, plus an extra singlet given 
by 

MC * = \ 3 EW- 5 EW f°fiB C , (3.H) 
V j=i i=6 / 

and thus the total parametrization is 

V = exp(sM) exp(wW) exp(zZ) exp(-wW) (3.12) 

from which we obtain the potential 

-8g~ 2 V = 25 + 15 cosh(4 s) + 15 cosh(s) cosh(z) + 15/2 cosh(3 s) cosh(z) 

+3/2 cosh(5s) cosh(z) — 15 cos(u?) sinh(z) sinh(s) (3.13) 
+15/2 cos(tu) sinh(z) sinh(3s) — 3/2 cos(w) sinh(z) sinh(5s). 



The eight generators of 5L(3) commuting with 50(5) x 50(2) are 

Pi C B = y MB c H [ ^H!Hj6« 

P2 C B = -yMB^HlHJp-HjHj^Kfs 

P3 C B = -lf[u]B C HlHj^h af s 

Vfs = (3 ' 14) 

P5 C B = -f«PB C h a ? 

Pe C B = f^Sp (Sjsi + SM + SM + Stsl) 

P7 C B = /<tfB C (W +*?<*?) 

P8 C B = f aP B C ^-P7 C B 
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which again are given in the proper order to share the commutation relations 
of the p from (3.9), hence we can again use the parametrization 



and obtain the potential given in the appendix. 

3.3.5 Residual symmetry of (SO(4) x SO(4)) diag 

Of the many different ways to embed SO (A) x SO (A) into 50(8) x 50(8), we 
only consider the one analogous to the previous 50 (5)di ag and SO (6)di ag con- 
structions: if we label our gauge group as 50(8)l x S0(8)r and perform the 
split 8 L/RtS -> (4 L/i?i i, 4 L/i?;2 ), then we consider the diagonal 50(4) diag(Lljfll) x 
S , 0(4) diag ( L2 ,R2)- There are four singlets under this SO (4) x SO (4), parametriz- 
ing the space (SL(2)/U(1)) 2 , five singlets under an analogous 50(4) x 50(3), 
eleven singlets under 50(4) x 50(2), and ten singlets under an 50(3) x 



V = exp (ripi) exp (r 2 p 3 ) exp (r 3 p 2 ) 
exp (zp 8 - sp 7 ) exp (-r 3 p 2 ) 
exp (-r 2 p 3 ) exp {~r 1 p 1 ) 



(3.15) 



50(3). 



If we parametrize the 50(4) x 50(3) singlet space via 






(3.16) 



V 



\j=5 / 

exp(wW) exp(zZ) exp(— wW) 

exp(v[S 1 , 5 2 ]) exp(5i) exp(-v[5i, 5 2 ]) exp(xX), 



we obtain the potential 



-8g 



2 V = 



21 + 3 cosh(8x) + 12 cosh(z) cosh(2x) + 4 cosh(z) cosh(6x) 
+12 cos(u>) sinh(2x) sinh(z) —4 cos(u>) sinh(6x) sinh(z) 
+12 cosh(s) cosh(2x) +4 cosh(s) cosh(6x) +4 cosh(s) cosh(z) 
+ | cosh(s) cosh(z) cosh(4x) — | cosh(s) cosh(2;) cosh(12x) 
— | cosh(s) cos(w) sinh(4x) sinh(z) 

+ | cosh(s) cos(w) sinh(12x) sinh(z) — 12 cos(v) sinh(2x) sinh(s) 
+4 cos(w) sinh(6x) sinh(s) + | cos(f) cosh(z) sinh(4x) sinh(s) 
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— \ cos(-u) cosh(z) sinh(12x) sinh(s) 
+4 cos(i> ) cos(u>) sinh(z) sinh(s) 

— | cos(v) cos(u>) cosh(4x) sinh(z) sinh(s) 
+ ^ cos(f) cos(u>) cosh(12x) sinh(z) sinh(s) 

which reduces to the potential on the 5*0(4) x SO (A) singlet space 
-8g~ 2 V = 24+16 cosh(^) + 16 cosh(s) + 8 cosh(s) cosh(^) (3.17) 
by setting x = 0. 

3.4 Vacua 

For many submanifolds for which these restricted potentials can be analyt- 
ically calculated, they turn out to be too complicated for a fully analytic 
determination of their extremal structure (using presently available technol- 
ogy); one way to proceed from here is to make educated guesses and further 
restrict the analysis to directions in the potential with special properties by 
letting the angular parameters run through a set of special values. While 
this technique was used in [21] to identify analoga of all stationary points 
of the £0(8) x 5*0(8) potential that correspond to the known extrema of 
50(8) gauged N = 8 D = 4 supergravity with at least remaining £77(3) 
symmetry (except the vacuum with G 2 symmetry which was identified in 
[19], a more promising approach seems to be to use these analytic expres- 
sions 10 in a numerical search for vacua 11 whose results then are subjected to 
educated inspection to give conjectures about exact locations of stationary 
points. Typically, numerical search will produce values for angular coordi- 
nates very close to rational multiples of it, or simple relations between some 
of the hyperbolic angular coordinates (for example, one being close to the 
negative value of another one). By substituting these conjectured proper- 
ties back into the analytic potential, the problem typically is simplified far 
enough to produce a complete set of coordinates which then are subjected to 
(3.2) to filter out 'fake' solutions this process may have generated. 12 

For the more accessible vacua, we collect eigenvalues of the vector and 
scalar mass matrices as well as the A 1 and A 3 fermion and gravitino mass 

10 whose evaluation is much faster than a full numerical exponentiation of E% generator 
matrices - which nevertheless is also available and useful to cross-check results 

11 Since stationary points of this potential usually are saddle points, one has to minimize 
the length of the gradient. 

12 This procedure is documented in full detail in one of the examples provided in the 
LambdaTensor package. 
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tensors in tables like the following corresponding to the trivial vacuum at the 
origin V C g = 5^ with (til, Hr) = (8, 8) supersymmetry: 



A/(2g 2 ) 


-16 


M/g 2 


— 12( X 128) 


M vcc /g 


0( X 128) 


A, 


2(x8)j — 2( x8 ) 


A 3 


0( X 128) 



Multiplicities are given as subscripts in these tables; the Goldstone modes 
are contained in the m 2 = .M-eigenvalues and goldstino modes (identified 
by projection with A 2 ) will be marked with an asterisk. 



3.4.1 The G 2 x G 2 vacuum 

Finding vacua is a highly nontrivial task; checking the existence of a vac- 
uum (and its properties) once it has been identified is - at least in principle 
- amenable to a manual calculation. We demonstrate this by presenting 
explicit intermediate quantities for the particular case of the vacuum with 
unbroken gauge symmetry G 2 x G2 and (nL,nR) = (1, 1) supersymmetry. 
This vacuum is located at 

M A := >/* (H&tfS - H*6*5i) 

m := \ log (| + §>/I6) ( 3 - 19 ) 
V C B = exp(mM A f AB c ) 



Even and odd powers of the generator N c & := M A f^s C (from which one 
can directly read off its exponential in terms of sin and cos contributions) 
are given by 

D$ v) := 6* -8$$, D™:= 5^-86*6% := 5 a , - 8 5% 

E {7 \ := f/ 8 -8« 

a/3 'ctP 8 a 

A xmn p(7v) p {7v) 

Bijki := ~ Aijki 

r)( 7c ) •- x8 :8 p(7c) p (7v) p (7v) m 

W ija/3 -~ {3 1 S6i ik r jl 7^ 

QW := SffijZy-Q^ 

tja/3 p i a l xjo.fi 

n (7s) ._ r8 r8 p(7s) p (7v) p (7v) kl 

■— a°~{ r &p r ik r jl 7/3 7 
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^ija/3 


r8 x8 ij n {Ts) 

■— °a -yl(3j ^ija/3 




i j a/3 


•— °a°i °pTaa + °/3°j °alpfc 






■= y .s 8 s 8 -r {7c) . 




R (7s) 






R {s) 


== ihTL*A 




(N C s) 2n+1 /V2 


- 1 jtC ttO/3 ttI ttJ ( n (c) 





i 1 ttC tto/3 ttI ttJ ( n (s) 9 2rt n (7s) \ 

+-H < f J HfH- I H^ J ( qI s) , + 2 2n Q^J ) 
— - Hjj Hi H-. ( gl c) . A + 2 2n Q™) 
—rf k H I B J HlHl (Q {c) . 2 2n Q {7c) ) 

2 a/3 & i 3 \^ij(3a ^ij$aj 
, 1 jjC ttIJ ttI tt.J ( n (s) 9 2n n (7s) \ 

+Hi,HfH\Hi ( R<:» , + 2 2 »ft<- 7 *> ) 

iJ o i 3 y 130/3 130.fi j 

+H^jH^HlHi ( i? ( _ c) . + 2 2n R {7 .%) 

1 ttC ttIJ ttI ttJ ( r>(s) , r>2n p(7s) \ 

+H a(3 H B H { H-. \ R. 3a/3 + 2 j 
+H c &g H 1 / H{ H-J (R^. + 2 2n R {7 %) 

op D 3 \ 130/3 130/3 J 

(^) 2n = H^Hf (1^ + 2 2 - 1 ^f 

Q<M/w + 2 2 ™- 1 < 5 Q7 <5 8 ( 5f 

-^"^TO? + 2 2 ^ 8 5 8 4<5|) 
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+2^HC J H§ L H{HjH«Ht6lE^ 

, 2n-6r7-C ttKLttI ttJ ttK ttL ?8 rpC?) ijk 
+ 2 #/J#£! ti i ti j H k H x <>lKj1 a/ 3 

, 2n-6 o-C o-XL tj/ rrj U L c8 T?{7) ikl 

ttC tjKL ttI ttJ ttK ttL ( r,2n—3 a ^ /-i , 7 r>2n— 2\ p 

H IJ H B H i N j H k H l I 2 Ajfci ~ 16 ^ ' 

, 2n-5ijkl p (7s) 2n-hijkl p (7c)\ 

HfjHg L H{ H-.H^Hj (2^A TjM - 1 (l + 7 ■ 2 2 "" 2 ) Sy H 

j_ 2n-5_ijkl p (7s) , 9 2n-5 ijM p (7c)\ 

H c IjH ^HlHjH^Hf (5 ik 8 Tl + (2 2 "~ 2 - l) ^f<5f 

+ (2 2 - 2 - 1) ^af ag - (2 2 - 1 - 2) «^) (3.20) 



The T-tensor for this vacuum is then given by 

(„) __ _47 - _ 1 (7 „) < 7v) _ 1 (Js) ijkl _ 1 n (7c) i 

U'fei - — g g°M ^im ^jn 8 ^ ^ 8 A/9 7 Q 

T4, = KHfH^ + HfH^HjHlK^ 



(c)_ 
A/3ij 

+T7i (^ J ^ L + H b H a L ) H]H]H k K H[5l5l^fD^ 
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~\ {HfH I B J + HffH'j) H]HiK% (3.21) 
-AHfHf {5*5 8 5 5 ai - 5y^ s ) 
-AHfHf (a|*f ^ - 5l5*5 $ i) 

-\H^H^H}HiH k K H[K^ kl 

+ 2 -H^H^H]H]H k K H[ (spfP^ - 8*5*^) 

and the A 1)2 ,3 tensors are 

A" = H'HJ (4 P [J"> + S -S!sfj - HlHl (4 pf > + lit gfj 

-H!H*,Sl%pV'% ~ HfH^P}^) (3.22) 
Af = -8B>5(^"^f-^«<!) 

x (<$V -V. - 4V -(5!(5 8 - 4 V -(5 8 (5 8 ^ 

^ ha 1/35 ha°l3 u S * 'f35 u a u l J 

And one sees that indeed, the stationarity condition 3 A[ J A J 2 A = A{ B Af A is 
satisfied. 



Thus, we obtain: 



A/(2<? 2 ) 


-256/9 


M/g 2 


1040/9 (xl) , 16 (xl) , (x28) , -112/9 (x4 9), -80/3 (x49 ) 


M vcc /g 


20/3( x7 ), 4/3( x7 ), 0( x ioo), -4/3(x7), — 20/3( x7 ) 


A l 


4(x7), 8/3(xi), -8/3(xi), — 4(x7) 


A 3 


12( x7 )», 28/3(xi), 4(x7), 4/3( x49 ), 

-4/3(x49), _ 4(x7), -28/3( x i), -12(x7)* 
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3.4.2 The other vacua 

For the other vacua, we do not present the full calculation but just list their 
locations and properties. 

The vacuum with largest unbroken symmetry has a remaining symmetry 
of 5'0(7) ± x SO (7^ (both are equivalent here), and is located at 



V C B = exp ( (Arcosh2) S^H^f^ 



all supersymmetry is broken here, but it is nevertheless stable: 



(3.23) 



A/(2g 2 ) 


-25 


M/g 2 


96( x i), 0( x i4), — 9(x64), — 24(x49) 


M vcc /g 


6(x7), 0(xll4), -6(x7) 


A 1 


7/2(x8), -7/2(xs) 


A, 


21/2(x8)*, 3/2(x56), -3/2(x56), -21/2(x8)* 



(3.24) 



There is a further vacuum with (nnn) = (2, 2) supersymmetry and a 
remaining symmetry of SU(3) x U(l) x SU(3) x U(l) at 

V e B = exp Q(Arcosh3) /U/ (h* + + (s^ + 

(3.25) 

with mass spectrum 



A/(2<? 2 ) 


-36 


M/g 2 


160(xl), 28(x4), 0(x38), -20(x36), -32( X 49) 


M vcc /g 


8(x7)j 2(xl2), 0(x90)j — 2(xl2), — 8(x7) 


A 1 


5(x6)> 3( X 2), — 3( X 2), — 5(x6) 


A 3 


15(x6)*i H(x2)) 5(xl4)j I(x42)j 

— l(x42), — 5( x i4), — H(x2)) — 15(x6)* 



(3.26) 



Another AdS vacuum without any supersymmetry that breaks SO (8) x 
SO (8) down to SU(A) and has A/(2g 2 ) = -52 is located at 



-log ( - + -V21 ) 
4 B \2 2 J 



b := Arcosh2 

V C B = ^ V (f AB c (aH^ + bH^ + (3.27) 

The mass spectrum for this vacuum is slightly more difficult to calculate 
than for the preceding cases and has not been determined yet. 
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A further AdS vacuum that breaks all supersymmetry and has a remain- 
ing symmetry of SU(3) x U(l) x U(l) is given by 



k ■= \J78 + UV33 
m = \J6 + 6V33 

p ■= log Q y/l8 + 6y/S~3 + 6 rnj « 0.4616649 

g := log Q + Iv^-l^w 1.2694452 

V C e = exp(/^ c (pff^ + ^(^ + ^))) (3.28) 
A/(2# 2 ) = -3564 ^1453 + 253^+116^ + 20^/33^ x 

^3 + V33 + mj 2 (j + V33 + fc) 2 x 

(24 + 6^33 - 3m - v^m) 1 « -49.82132 

Again, the mass spectrum has not been determined analytically yet. 
Furthermore, there is strong numerical evidence for a further vacuum 
with remaining symmetry of only £77(3) at 

p « 0.43045295, q « 0.03708009, r « 1.16386200 

nG{3,5} ne{l, 2,4,6,7,8} 

41 = E ?« + E P^ + r^ + r^| 

ne{3,5} ne{l, 2,4,6, 7,8} 

= ew(f M C (pH^ + qH^§)) (3.29) 
A/(2# 2 ) « 105.527621 

So far, no analytic expression has been found for this vacuum candi- 
date. The corresponding parameters for (3.4) are <fi = tt/4, a = 15tt/4, 
w = tt/4,Ai « -0.5563132, A 2 « -1.6459494, * « -1.8786964. 
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Chapter 4 



Noncompact gauge groups 



4.1 On noncompact gauge groups in super- 
gravity 

Standard quantum field theory textbook lore [52] tells that gauge groups 
have to be compact to avoid the appearance of negative norm states [28]. 
Nevertheless, there are some cases of theories which contain scalar fields 
where a positive definite metric can be constructed from these scalars that 
allows an implementation of noncompact gauge invariance. (See [14] and, 
in particular, [33] for an explanation of the construction of 5*0(7, 1) gauged 
N = 8 supergravity.) 

Generally, a necessary condition for a gauge group candidate is that a 
maximal subset of the vectors transform in the adjoint representation. When 
it is not possible to absorb the extra charged vectors that transform non- 
trivially under the gauge group (for example, in D = 5 the vectors can 
be dualized into massive self-dual 2-forms [45, 30]), as is the case in four 
dimensions, then the whole set of vectors must be used. This gives quite 
severe restrictions on possible gaugings in higher dimensions; in particular, 
for D = 4 iV = 8 one basically has just the SO(p, 8 — p) noncompact versions 
of SO (8) and their contractions [15], while for N = 16, D = 3 a much bigger 
freedom exists due to the duality between vectors and scalars. Of the max- 
imal semisimple subgroups of Es(+s), the analogous noncompact versions of 
SO (8) x SO (8) of the form SO(p, 8 — p) x SO(p, 8—p), which are contained 
in EW+s) v i & their embedding in 50(8,8), as well as the exceptional cases 
£ 8(+8) , E 7{+7) x SL(2), £ 7( _ 5) x SU(2), £ 6(+6) x SX(3), E 6{+2) x S77(2,l), 
#6(-i4) x SU(3), G 2 x F 4 (_2 ), and G 2 ( +2 ) x F 4(+4 ) are possible. 
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4.2 SO{p^-pf 



Going back to the E 8 -> SO(8) L x SO(8) R decomposition 248 = (1, 28) + 
(28,1) + (8 V ,8 V ) + (8 S ,8 S ) + (8 C ,8 C ), we obtain 50(8,8) from 50(16) by 
using a triality rotation to exchange the role of vectors and spinors. Then, 
the compact subgroup of the first factor of SO(p, 8 — p)i x SO(p, 8 — p) 2 
is obtained by splitting each (8 S ) — > (p, 8 — p) and combining the SO(p)l 
with the 50(8 — p)r subgroup. (And vice versa for the second factor.) 
As before, the p 27000 O = projection condition requires a ratio of gauge 
coupling constants of —1. Hence, the embedding tensor of SO(p, 8 — p) 2 is 
given by 



P a /3 '■ — 



A 50(p,8-p) 2 
^AB 



P 



; J Qa/3 '■= 8a/3 — Paf3 

3=1 

H A H [U] H I H .J> H A ■= H A H [IJ] H I H J 

l 



+2H^H^ s P ay Qi35 — 2H^H^ Q ai Pi3s- 



a/3 tr7<5/ 



(4.1) 



The subgroups presented in the previous chapter have been chosen in 
such a way to maximize the amount of information that can be obtained on 
various gaugings of the theory by simply redoing the calculations using the 
invariant scalar submanifold parametrizations given there with other (com- 
patible) embedding tensors. 1 It may happen that in some cases, some of 
the singlets under the subgroup in question of the compact subgroup of the 
gauge group are part of the noncompact gauge group, and hence correspond 
to trivial flat directions of the potential, but this does not spoil the analysis. 



-'^Note that the double ratio 

Effort (Submanifold M, hand calculation Nr. 2) / Effort (Submanifold M, machine calculation Nr. 2) i ii 

Effort (Submanifold M, hand calculation Nr. 1) ' Effort(Submanifold M, machine calculation Nr. 1) " 

could be larger, since all we have to do in the machine approach is to change the value p 
and go for a cup of coffee! 



4.2. SO(P,8-P) 2 
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Using the G^diag singlet parametrization (3.5) for 50 (7, l) 2 gives 



,-2 



V = ^ - I cosh(2 s) - § cosh(4 s) + ^ cosh(s) cosh(z 



32 



512 



^ cosh(3s) cosh(z) - §°J cos h(5s) cosh(z) - ±f| cosh(7s) cosh(2:) 
+y cos(2w) + § cos(4v) + | cos(2w) cosh(2s) 
— ^ cos(2u) cosh(4s) - ^ cos(4t>) cosh(2s) + |^ cos(4t>) cosh(4s) 



1024 
217 



cos(2u) cosh(3s) cosh(z) 



cos(2v) cosh(s) cosh(z) 
J024 cos(2v) cosh(5s) cosh(z) — cos(2t>) cosh(7s) cosh(z) 
Jpr cos(4u) cosh(s) cosh(z) — cos(4w) cosh(3s) cosh(z) 



5229 
1024 
133 



+ 



512 
147 

life 



cos(4u) cosh(5s) cosh(z) 



512 
63. 
512 



cos(4u) cosh(7s) cosh(z) 



cos(6v) cosh(s) cosh(z) + cos(6t>) cosh(3s) cosh(z) 
j^rrj cos(6v) cosh(5 s) cosh(z) + ygij cos(6f) cosh(7s) cosh(z) 
~ V! " 7 cos(v — w) sinh(z) sinh(s) — Ifi cos(v + w) sinh(z) sinh(s) 



2048 
2835 



COS f 



w) sinh(z) sinh(3s) 



512 

- cos(f + w) sinh(z) sinh(3s) 



cos(v — w) sinh(z) sinh(5s) + ^ cos(v + w) sinh(z) sinh(5s) 
■ cos(-u — w) sinh(z) sinh(7s) — ^ cos(v + w) sinh(z) sinh(7s) 

cos(3f + w) sinh(z) sinh(s) 



cos(3v 



w) sinh(z 
w) sinh(z 
w) sinh(z 
w) sinh(z 
w) sinh(z 
w) sinh(z 
w) sinh(z 
w) sinh(z 
cos(7-u + w ) sinh(z 
2^|g cos(7i> + w) sinh(z 



+ T | i cos(3t; 

-TQ24 COS ( 3v 
+ 2W COS ( 5v 

-m& cos ( 5v 
+m§ cos ( 5v 

-20% cos(5t; 

, 315 



sinh(s) 



2048 

sinh(3s) + cos(3v + w) sinh(z) sinh(3 
sinh(5s) + cos(3-u + w) sinh(z) sinh(5 



sinh(7s) 



m 

2048 



cos(3v + w) sinh(z) sinh(7 



sinh(s) + cos(5t> + w) sinh(z) sinh(s 
sinh(3s) + cos(5v + w) sinh(z) sinh(3 



sinh(5 s) 



3_ 

189 

w 

32 .1. 



cos(5-u + w) sinh(z) sinh(5 



s) 

*) 

s) 
s) 



sinh(7s) + cos(5t; + w) sinh(z) sinh(7 
sinh(s) — cos(7w + w) sinh(z) sinh(3s) 
sinh(5s) — Jjia cos(7v + w) sinh(z) sinh(7s) 



(4.2) 

and by setting v = 0, we again obtain the potential on the manifold of 5*0(7) 
singlets 



— 8g~ 2 V = 33 — 7cosh(4s) + ^ cosh(s) cosh(z) — 7 cosh(3s) cosh(z) 
— | cosh(7s) cosh(z) — y cos(w) sinh(z) sinh(s) 
—7 cos(w) sinh(z) sinh(3s) — \ cos(w) sinh(2;) sinh(7s). 

(4.3) 

The potentials obtained by using the SO (6) di ag singlet parametrization 
(3.9) for the embedding tensors of 50(7, l) 2 and 50(6, 2) 2 as well as the 
(50(5) x 50(2)) diag potential for (50(5) x 50 (3) f are given in appendix 
A. The potential of the (50(5) x 50 (3) ) 2 gauged theory on the manifold of 
(50(5) x 50(3))dia g singlets parametrized by (3.11) reads 

-&g~ 2 V = 25 - 15 cosh(4s) - 15 cosh(s) cosh(z) + ^ cosh(3s) cosh(2;) 
+| cosh(5s) cosh(z) + 15 cos(u>) sinh(z) sinh(s) 
+ cos{w) sinh(z) sinh(3s) — | cos(u>) sinh(z) sinh(5s). 

(4.4) 
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For the gauge group 50(4, 4) 2 , the potential on the manifold of (5*0(4) x 
S'0(4))diag singlets parametrized by (3.16) with x = is 

-8g~ 2 V = 24-16 cosh(z) - 16 cosh(s) + 8 cosh(s) cosh(z), (4.5) 

and including the extra (5*0(4) x 50(3)) d i ag singlet, this reads 

— 8g~ 2 V = 21 + 3 cosh(8x) — 12 cosh(z) cosh(2x) — 4 cosh(z) cosh(6x) 

— 12 cos(w) sinh(2x) sinh(z) +4 cos(w) sinh(6x) sinh(z) 

— 12 cosh(s) cosh(2x) —4 cosh(s) cosh(6x) +4 cosh(s) cosh(z) 
+ | cosh(s) cosh(z) cosh(4x) 

— 2 cosh(s) cosh(z) cosh(12x) — | cosh(s) cos(w) sinh(4x) sinh(z) 
+ 2 1 cosh(s) cos(w) sinh(12x) sinh(z) + 12 cos(v) sinh(2x) sinh(s) 
—4 cos(f) sinh(6x) sinh(s) + | cos(v) cosh(z) sinh(4x) sinh(s) 

— \ cos(u) cosh(2;) sinh(12x) sinh(s) +4 cos(-u) cos(w) sinh(z) sinh( 

— 2 cos(f) cos(w) cosh(4x) sinh(z) sinh(s) 
+ 2 1 cos(f) cos(u?) cosh(12x) sinh(z) sinh(s). 

(4.6) 

If we do the same calculation with the embedding tensor of 50(7, l) 2 , we 
obtain 



-8g- 2 V = 21-3 cosh(8x) + 12 cosh(z) cosh(2x) - 4 cosh(z) cosh(6x) 
+12 cos(w) sinh(2x) sinh(z) +4 cos(w) sinh(6x) sinh(z) 
+12 cosh(s) cosh(2x) —4 cosh(s) cosh(6x) +4 cosh(s) cosh(z) 

— | cosh(s) cosh(z) cosh(4x) 

— | cosh(s) cosh(z) cosh(12x) + | cosh(s) cos(u>) sinh(4x) sinh(z) 
+ 2 1 cosh(s) cos(u?) sinh(12x) sinh(z) — 12 cos(v) sinh(2x) sinh(s) 
—4 cos(v) sinh(6x) sinh(s) — | cos(f) cosh(z) sinh(4x) sinh(s) 

— \ cos(w) cosh(z) sinh(12x) sinh(s) +4 cos(-u) cos(w) sinh(z) sinh( 
+ | cos(v) cos(u?) cosh(4x) sinh(z) sinh(s) 

+ 2 cos(f) cos(w) cosh(12x) sinh(z) sinh(s) 

(4.7) 



4.3 Exceptional gauge groups 
4.3.1 E 7{+7) x SL{2) 

Since for the gauge group E'g+s), the potential reduces to just a cosmolog- 
ical constant, the nontrivial case with the largest number of noncompact 
directions in the gauge group is that of £y(+7) x SL(2). 
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Here, the embedding tensor is given by 

E 7(+7) xSL(2) _ l m [TJ]ttIJ£RttIJ ttKL 
^AB 2 n A B n [I.J] n [KL] 

(HjH^HiSli + H}IP]HlHl4 
+H\H^HlH{5% + H}HlH* K H l L 5Z (4g) 
+2 H\H j jH k K H[ {8 ik 5 Tl + S- jk S a - - <%<y ) 

+HfHf {5 ai 5 p5 + 5 h 5, h - 5 ap 5 l5 ) 

Using the tools we developed in previous sections, it is natural to consider 
the scalar potential on the manifold of 5*0(6) C SO (8) singlets by using the 
parametrization (3.10). Since the SL{2) parametrized by v,r 5 is part of 
the gauge group, and hence corresponds to flat directions in the potential, 
these two parameters drop out. Furthermore, three of the five noncompact 
directions of the S'0(6)-invariant SL(3) singlets lie in the gauge group, and 
the smallest group containing the remaining two orthogonal directions is 
SX(2), which we can parametrize by 2 

S c b = (8?6g - SSSf) H&f M c 

V C B = IfiHlHjHfjfMf ( 4 -9) 
V = exp (v V) exp (s S) exp {—v V) 

and obtain the potential 

-Bg~ 2 V = 22-6 cosh(4 s) , (4.10) 

which obviously does not have any nontrivial stationary points. 



4.3.2 E 7( _ 5) x 577(2) 

An embedding of this gauge group into -Es(+8) can be obtained by deleting 
the +2 — 3 root from the extended Dynkin diagram 1.2. The ladder operators 
corresponding to the remaining roots will generate the noncompact real form 
E7(_5) x SU (2). In order to define the embedding tensor, we have to introduce 
a further 8—^4 + 4 index split for the vectors of the left 5*0(8) of 50(8) x 
50(8); using superscripts A,B to discern both 4, we have / — > — > 



2 Note that S q was incorrectly translated from machine form - where index counting 
starts at zero - to conventional notation in [19]. 
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The embedding tensor is then given by 

©S" 5) XSU(2) = \HfHf5 ai fa + 7 gW W 

,1 ttILHttIEHttIJ ttKL TTiTTjZTk Hi 
+ 2 H A H B H [IJ] H [KL] H I H J H K H L 

(Ht A H> A H*fHrs££ - Hf Hf Hf HfCf* 
+24 Sffi) 

1 r r [ /J l TT ^ KL ^ TT T1 TJKL tti zrj zrk ttI Sfl3 
~ H ~ H B H [IJ] H [KL] H I H J H K H L$jT H t Hl t 5 iA k A 

(4.11) 

Shooting into the blue sky, we take the positive roots + + + + + + ++ 

and + + + H and parametrize the four noncompact directions of the 

corresponding SL(2) x SL(2) via 

A ij : 8}8l + 5f5f + 5f 5<] + 5j5* 

yc B = \5^H(HjHtjfAB C 

S c b = (-5%5l + 5^)H*f AB c 

W C B = \(H!Hl& -H{HfA^Hfj AB c 

Z c b = (+6Z6S + Sfsf) H^f AB c 

V = exp (vV) exp (s5) exp (— vV) exp (wW) exp (zZ) exp (— wW) 

(4.12) 

and obtain the potential 

-8g- 2 V = f + |cosh(4z) + f cosh(4s) 

+6 cosh(2 s) cosh(2 2) — | cosh(4s) cosh(4,2) 

which indeed does have a stationary point corresponding to a true vacuum at 
s = z = |Arcosh 2. The corresponding singlet generator 6^5^ H^f^^ Arcosh 2 
breaks the (50(12) x 50(3))^ xSU(2) SU ( 2 ) compact subgroup of the -EV(-s) x 
SU(2) gauge group in quite an interesting way: the SU{2) gauge group 
factor with positive root +1 + 2 forms a diagonal 5*0(3) with an SO (3) 
factor within the 50(12) of the 5*0(12) x 50(3) maximal compact sub- 
group of i?7(_5); the positive root of this latter 50(3) is +3 + 4. The 50(3) 
factor of forementioned 50(12) x 50(3) (with positive root +1 — 2) re- 
mains unbroken, and a third 50(3) factor with positive root +3 — 4 ap- 
pears. The rest of 50(12) then forms a 50(7) with an SU(A) with simple 
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roots +5 — 6, +6 — 7, +7 — 8 as simply laced subgroup. Hence, the remain- 
ing gauge symmetry is SO (7) x 5*0(3) x £0(3) x S0(3) diag , and this vacuum 
furthermore features N = 4 supersymmetry. 



4.3.3 £? 6 (-i4) x 577(3) 

For this gauge group, no attempt has been made so far to find a nontrivial vac- 
uum; here, we only give the embedding tensor. The subset +4 — 5, +5 — 6, 

+6 — 7, +7 — 8, +7 + 8, H h of simple roots from (1.11) with 

respect to the compact Cartan subalgebra corresponds to an embedding of 
i?6(-i4) into i?8(+8)- SU(3) is likewise obtained from the roots —1 — 2,-1-2 — 3. 
This is sufficient information to complete the construction. It gives: 

n(46s) ._ r 4 r4 , r6 rf> n(46c) ._ r 4 e 4 , r6 <C6 

U afi ■— °a°l3 + °q°/3' °a° / 3 + °a°p 

e ^_ 14) x5C/(3) = H f H f 5 ^ D ^) +H f H f 5 ^ D i^) 
+jH .4 ^.A H [IJ] H [KL] 



— H} Hj H\ H l L SjfEi k - \ H\H 3 jH\H l L S~ 

_l 1 £7« Ijk zjl I xmn TP rp zmn TP TP 

+ 2 H I H J H K H L \Phl *im*jn - O kl tj im tj 

32 'a/3 ["a/3 * ^ a( j J 32 1 & fc ^"a 



J ?1 

4D (46c) 

a/3 



(4.14) 



4.3.4 E 6{+2) x 5/7(2, 1) 

Applying a + + + + + + ++ Weyl reflection to the previously given set of 
simple Eq roots yields the roots +1 + 8, +4 — 5, +5 — 6, +6 — 7, +7 — 8, and 

h+, which correspond to an embedding of E^ +2 ) into i?8(+8)- 

In the same way, we obtain the corresponding 577(2, 1) from h + + + ++ 

and +2 — 3. Unfortunately, the corresponding embedding tensor is quite un- 
wieldy, so we do not give it here, as it perhaps makes sense to try to find a 
construction which is more convenient for further calculations. 



4.3.5 E 6{+6) x SL(S) 

One way to obtain the embedding tensor for this group is to take as SL(3) 
the subgroup of -E^+s) that commutes with the compact (50(6) x 50 (2) )di ag 
subgroup of the diagonal of the gauge group 50(6, 2) 2 constructed in sec. 
3.3.3; the corresponding generators were explicitly given by pi... 8 in (3.8). The 
group commuting with this SL(3) is just E 6 ( +6 y With the intention to embed 
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i<4(+4) into i?6(+6) i n mind, a perhaps somewhat more useful construction is 
given by starting again from the extended Dynkin diagram, but this time with 
roots corresponding to the noncompact Cartan subalgebra, that is, (1.15). 
The embedding tensor thus obtained reads 



D 
D 



(3) 
a/3 
(5) 



a/3 
Faf3y8 



e 



£ 6(+6) xSL(3) 
AB 



r>(3) n(3) 



E3 Xnxn 
n=l °a /3 

Z^n=4 °a°(3 
F)(5) r)(5) 

£ W + W*2 - £ W 

-".A B n [I.J} n [KL] 
{-^ H I H J H K H LYaP^jS E cc/3-yS 

-hHWjHlHh^E^s 



r2 X3r3r2 _ r3 r2 r2r3 



2 n I U J U K n L { i'afil^S \°l °l JJ (35 + °2 °3 °2 °3 



r/3 r7x<5 



+ 



24 
a/3 0-75 



A:/ 



fa 1 a 2 03 04 T3l & /33/3. 



( 



r>(5) n(5) 
^"7 ^5 



i 1 1 Ct2P2 «3P3 



+ 2G 



a/375 



+ 



i^flJ 4 (fr#y# (w^g + 



+ J_^o/3 

1 24 /Q1020304 



7<5 A^A^F) 

7/31/32/33/34° 1 °1 ^ 



ft n ( 5 ) £)(5) £)(5) 

02/32 03/33 04/34 



(4.15) 



4.3.6 ^(+4) x C2(+2) 

The -F4(+4) subgroup can be obtained from i?6(+6) above; G 2 (+2) is then the 
space of all i*4(+4) singlets. In particular, the i*4(+4) Lie algebra is gener- 
ated by (T+ 7+8 + T_ 7 _ 8 ), (T +7+8 - T_ 7 _ 8 ), (T +6 _ 7 + T„ 6+7 ), (T +6 _ 7 - T_ 6+7 ), 
(T+ + + T_ ++++++ _+ T +4 -5 + T_ 4+5 ), (T + + - T_ ++++++ _ + 

2+4-5 — ^-4+5); (2+5-6 + ^-6+5+ 2+7-8 + T_ 7+8 ), (T +5 _ 6 — T_ 6+5 + T +7 _ 8 — T_ 7+8 ). 

Unfortunately, this construction mutilates the 5*0(8) x 5*0(8) components 
of -E 8 (+ 8 ) so badly that no reasonably simple expression for the embedding 
tensor could be found in that language. 

4.3.7 G 2 (-u) x 

The subgroup of 50 (8)^ that leaves the last vector, spinor, and co-spinor in- 
dex fixed is G2, all generators of E$ that commute with this G2 form a -F 4 (_ 2 o) 
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whose compact subgroup is SO (9). The linear combination of embedding 
tensors of these two groups with a relative gauge coupling gG 2 /9F 4 = 3/2 
satisfies the P 27000 projection condition and thus corresponds to a possible 
gauging. It is given by 



Pij : 5^-25*5° 

rfijfei := ^h'l'Vii'Vn'Vkk'VlV 

Qab = HfHf5 ai 5y s 
+HfHf '5^51 

-H [ ^H [ ^H^H^H}HiH^H[Sj^4 (4. 16) 

L uMztMij/J 77XL zri tt] rrk ttI srkl 
~2 A B H [U\ H [KL] tl I H J H K tl L d ij 

■• 7 -7-[ /J ] T-T- ^ 1 '] 7-7-J.7 trXL TTiTTjTTk Tjl 

~16 A B H [IJ] tl [KL] tl I tl J tl K H L 



The main problem in this case is to find a suitable invariance subgroup 
of the gauge group which is small enough to show nontrivial structure, but 
does not give too many singlets. Here, we choose that particular subgroup 
SU{3) x SU(3) of the group SO(8) L x SO(8) R which stabilizes the vectors 
v\ = 5 t7 , v\ = S t8 , v\ = 5 t7 , v\ = 5 t8 as well as the spinors ip aL = <5 Qi8 , 
il) a R = § a R 8 (and which therefore is also a subgroup of G 2 x F 4 (_ 2 o))- 

This group is stabilized by a subgroup SU{2, 1) x SU{2, 1) of E s ^, 
hence we have to deal with an eight-dimensional submanifold of the su- 
pergravity scalars here. The intersection of this eight-dimensional mani- 
fold with the gauge group is four-dimensional, but unfortunately, unlike 
for the parametrization considered in the £7(7) x SL(2) case, the smallest 
group containing the four directions orthogonal to the gauge group is the full 
SU(2, 1) x SU(2, 1), hence we parametrize the full eight-dimensional mani- 
fold. Using the generators of both SO (3) subalgebras as well as those 
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of two noncompact directions 



y { %b = -\ - ml) f a , < 



(4.17) 



\(3B 

X (a)2,b = 2 [5\8l f[ij] B c - 8\8i f{jj]B C ) 

Y C BB = -SW + ^)W 

X{b)iB = -2\M + %$)fw c 
X {B)2B — _ 2 f - 5 l 8 5 J 8 j f[q^ B c 
X (b)3B = -2 (s i 7 S 3 8 f[ijp c + 5 l 7 5 3 8 f[Tj\B C ) , 
we parametrize the eight-dimensional singlet manifold as 

V = exp(riX (j4) i) exp(r 2 X (j4)2 ) exp(r 3 X (A ) 3 ) 
exp(r 4 X(B)i) exp(r 5 X(B)2) exp(r 6 X (B ) 3 ) 
exp(sY (A) ) exp(zY (B) ) (4.18) 
exp(-r 6 X (B)3 ) exp(-r 5 X (i?)2 ) exp(-r 4 X {B)1 ) 
exp(-r 3 X (j4)3 ) exp(-r 2 X (A)2 ) exp(-ri X {A)1 ) 

and obtain the potential given (A. 6). 



4.4 Vacua 

For every model with noncompact gauge group for which we find a nontrivial 
vacuum, we also give data for the trivial V c b = vacuum; of relevance is 
for example the square root of the ratio of cosmological constants, since this 
should correspond to the ratio of central charges of the boundary CFT. 
For the gauge group 5*0(7, 1) x 5*0(7, 1), the vacuum at the origin has: 



A/2g 2 


-9 


M/g 2 


16(xl), 0(xi4), — 5(x64), — 8(x49) 


M vcc /g 


2(x7), 0( x n4), -2( x7 ) 


A, 


3/2( x8 ), -3/2 ( x8) 


A 3 


7/2(x8), l/2(x56), -l/2(x56), -7/2(x8) 



There is a further stable AdS vacuum with remaining symmetry G 2 x 2 
and no supersymmetry at 

V C B = exp (f^H^lsl • Arcosh 2) (4.20) 
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A/(2S 2 ) 


-211/16 


M/g 2 


195/4 (xl) , 45/2 (xl) , 0( X28 ), -9/2 (x49 ), -33/4 (x49 ) 


M vcc /g 


9/2(x7), 3( x7 ), 0( x ioo), -3(x7), -9/2(x7) 


A l 


35/8 (x i), 19/8 (x7) , -19/8 (X 7), -35/8 (xl) 


A 3 


105/8(xi)», 57/8(x7)*, 33/8(x7), 15/8( x49 ), 

— 15/8( x49 ), — 33/8(x7), — 57/8(><7)*, — 105/8( xl )» 



(4.21) 



Furthermore, there is strong numerical evidence for another vacuum with 
A/(2g 2 ) = —13 and remaining symmetry SO (6) x 5*0(6) whose location is 
approximately given by 

V C B ~ exp (jjufHfp (-1.13118375^ + 0.33174405^ 

+0.1023203 5^5? - 0.00844055^5^)) (4.22) 

or, in parameters for (3.10), z ^ -s ^ 0.2906220, v « -1.2037291, n « 3n, 
r 3 ~ 5tt/2, r 2 « 6.3825153, r 5 0.3689107. So far, no corresponding analytic 
expression has been obtained for this vacuum. 

For the 50(5, 3) x 50(5, 3) gauged model, the origin is an AdS vacuum: 



A/2g 2 


-1 


M/g 2 


8(x9)> 3( x64 ), 0( x55 ) 


M vcc /g 


2(xl5)j 0( X 98), — 2(xi5) 


Ai 


1/2( X 8), -l/2(x8) 


A 3 


5/2( X 24), 3/2( x40 ), -3/2( X 4o), — 5/2( X 24) 



Furthermore, we find a deSitter vacuum with remaining symmetry of 
50(5) x 50(5) x 50(3) diag at 

V C B = exp QArcosh 5 f AB c ^5% + 5*5? + 5*5^ (4.24) 

with mass spectrum 



A/(2g 2 ) 


11 


M/g 2 


96(x5), 45( x48 ), 24(x25), 0(x33), ~ 3( X 16), ~48( X 1) 


M vcc /g 


6(x15)j 0(x98), — 6(xl5) 


A! 


5/2(x8), -5/2(xs) 


A 3 


15/2(x8», x!6), 9 /2(x40), — 9/2(x40), — 15/2(x8*, xl6) 
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The vacuum at the origin of the 5*0(4,4) x 50(4,4) gauged model is a 
Minkowski vacuum: 



A/(2<? 2 ) 





M/g' 2 


4(x96), 0(x32) 


M vcc /g 


2(xl6)j 0( X 96), — 2(xl6) 


A 1 


0(xl6) 


As 


2(x64)j _ 2( x64 ) 



(4.26) 



Here we find a further deSitter vacuum with remaining symmetry 50(4) x 
50(4) x 50(4) diag at 



V C b = exp^Arcosh2^/^^ = l 4 ^ 



(4.27) 



with mass spectrum 



A/W) 


2 


M/g 2 


12(x49), 9( x32 ), 0( X 46), — 12(xl) 


M vcc /g 


3(x16)j 0( x96 ), — 3(xl6) 


A 1 


l(x8), _ l(x8) 


A 3 


3(x8*, x56), — 3(x8*, x56) 



(4.28) 



For the 2 (_i4) x F 4 (_ 2 o) gauged model, the origin has N = (7, 9) su- 
persymmetry, and the gauge group is broken down to its maximal compact 
subgroup G 2 x 50(9): 



A/(2g 2 ) 


-4 


M/g 2 


0(xl6)j — 3(xll2) 


M vcc /g 


l(xl6)> 0(xll2) 


A 1 


l(x7), — l(x9) 


As 


2(xl6)i 0(xll2) 



(4.29) 



There is a further AdS vacuum with N = (0, 1) supersymmetry which breaks 
gauge group to 577(3) x 50(7) at 



with mass spectrum 



exp ( ^Arcosh 7 f AB c H^8l ) (4.30) 



A/(2S 2 ) 


-25/4 


M/g 2 


24(xl), 0( x37 ), -9/4(x48), -6( X 42) 


M vcc /g 


4(xl), 3(x6), 3/2(x8), l(x7), 0(x91), -l/2(x8), ~3(x7) 


A 1 


ll/4 (x i), 7/4 (x6 ), -5/4 (x i), -7/4 (x8 ) 


A 3 


33/4 {xl) *, 21/4 {x6) *, 17/4 (x i), H/4 (x8) , 9/4 (x7) , 

3/4( x48 ), — 3/4( x42 ), -7/4(x7), -21/4(x8)* 



(4.31) 
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For the -EV(-5) x SU(2) exceptional gauging, the vacuum at the origin 
breaks the gauge group down to 50(12) x S0(3) x SU(2), with N = (4, 12) 
supersymmetry: 



A/W) 


-4 


M/g' 2 


0(x64), — 3(x64) 


M vcc /g 


l(x64), 0(x64) 


A, 


l(x4), — l(xl2) 


A 3 


2(x64)j 0(x64) 



As explained before in sec. 4.3.2, there is a further nontrivial vacuum at 
V C B = exp(^#^/Arcosh2) (4.33) 

with remaining symmetry S0(7) x SO (3) x S0(3) x SO(3) diag , N = (0,4): 



A/W) 


-25/4 


M/g 2 


24(xl), 0( X 106), — 6(x21) 


M vec /g 


4(x4), 3( x3 ), 3 /2( x32 ), 1( X 28), 
0(x22), -l/2(x32), -3(x7) 


A l 


ll/4 ( x4), -5/4 (x4 ), -7/4 (x8 ) 


As 


33/4 (x4 )*, 17/4 (x4 ), H/4(x32), 

9/4( X 28), 3/4(x24), -7/4(x28), -21/4( x8 )* 
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Chapter 5 

A four-dimensional example 



For maximal (N = 8) gauged supergravity in four dimensions with compact 
gauge group 5*0(8), the known nontrivial vacua are one with a remaining 
symmetry of 50(3) x 50(3) and cosmological constant — 14g 2 [50] as well 
as five further ones for which it has been proven by exhaustive analysis of 
the potential restricted to a submanifold of six scalars that they are the only 
vacua with a remaining symmetry of at least SU (3). It is tempting to try to 
apply the tools presented here to go even further and break 50(8) down to 
a smaller subgroup. In particular, among the different embeddings of 50(3) 
into 50(8), there is a very simple one for which the 50 (3)-invariant sub- 
manifold of the 70-dimensional space E 7 ^/SU(8) is ten-dimensional. This 
is given by the following construction: under its maximal compact subgroup, 
577(8), £7(7) decomposes into the adjoint representation as well as the self- 
dual and anti-self-dual 4-forms 133 — > 63 + 35 s d + 35 as d- With respect to 
the gauge group 50(8), the 35 s d and 35 as d are just the symmetric traceless 
matrices over the spinors and co-spinors, while 63 decomposes into the ad- 
joint 28 and a further 35 given by the symmetric traceless matrices over the 
vectors. Hence we split £7(7) adjoint indices via A — > ((aft), (a/3), (ab), [ij])- 
If we furthermore split the fundamental representation via 56 — > 28 + 28, 
P — > ([ij] a , [ij] b ) and introduce the auxiliary tensors 



ijkl ( mr/3 _ 
la/3 \ u n u n 




for (al3) = ne {1...7} 




< 






ditto, with 7^. in place of 7^ 



(5.2) 
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for(y)=ne{1..7} 

(u) = w € {8. .35}, 

Qfe)&C = < i (% c + for ^ M = n - 8, ( 5 - 3 ) 

p, g such that = 1 

then generators in the £7(7) fundamental representation can be obtained 
from 1 (here, capital letters J, J, . . . also designate SO (8) indices) 

{ AP - g^A ^[ijy^Q KL n [KL]" ^( a f3) 

1 (afl kl [kH [U\ p fcJJ j 

+ g^A ^[fc/|^Q #JJ H [IJ]^(a/3) 

-i^a^^fl^^ (5.4) 



+ ZH k H ui]a-n P <V<W<Vj \l<ab)i> 



[if fl P °j'°i'j' IJ "(ab)i 

+ 2jH A H [ij]« H P d j' d i'j' d IJ h [ab\_ d a d b 
orrMrrQ rrl^t^L' ckl x K ' L 'n K> 

-lti k N [kl]b N p d v k , v 6 KL \L{gb)k' 

1 o oMl rr° t A KL ^ XL' xkl cK'L' rjab sk' ?K' 
+ IH k H [ k l]b H P <V d k'l' d KL H [ah\°a °b ■ 

Structure constants of £7(7) then satisfy tAP Q ^bq R — ^bp Q ^aq r = /ab C ^cp S - With 
the normalization 

^ab := 7^ /ac /bd , (5-5) 

metric tensor entries are ±1 on the diagonal and ±1/2 for neighbouring 
entries on diagonals on a 35. 

The potential for this model is given as follows: for an element of £7(7) 
given as 56 x 56 matrix V Q P , one first forms the tensor TJ fajl via 



[ij] a 



1 What happens here is quite obvious, but considerably obfuscated by the necessity of 
successive index mappings to get rid of all factor-two ambiguities: in Matrix notation, the 
generators of E7 in the fundamental representation decompose into 28 x 28 blocks; the 
right-top and left-bottom blocks are formed from the self-dual and anti-self-dual SU(8) 4- 
forms, which are equivalent to the 35 s and 35 c from 50(8), while the blocks on the major 
diagonal are essentially given by SU(8) generators and their conjugates; cf. (3.10) in [50]. 
(Note that the generators in the right-bottom corner should be the complex conjugated 
ones there!) 
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kl s i\kl] Tjkl rr^^i 

U KL ■= y—[K]A H [kl} btl KL~ 

v ijKL ■= VM^H^H^? (5.6) 

Tkij . ^ i „,ijIJ\ I „, JK nl km „, „,kmKI\ 

i-l ■= g{U J IJ + V J ) [Ui m U KI-VlmJKV ) . 

Then, the A\ and tensors are given by 

A'l = ~T m ^ A^ k = ~T^^, W (5.7) 
and the potential is 

V(V) = g 2 {^A^At 1 - . (5.8) 

If we consider the 5*0(3) subgroup leaving invariant the vector coordinates 
4 ... 8, then the 50(3) invariant scalars are 



q Q _ 1 ^123no-Ml BA. Q 
On P — — '*(a0) n B V J AP 

Q 1 ,f,123n tt ( & P\ . .BA, Q 



Cn Q P = ^^iFVV (5.9) 

where n e {4, 5, 6, 7, 8} 
and the task is now to evaluate (5.8) for an arbitrary linear combination 



V exp y~](s 



with ten parameters s n , c n . Although it is easily possible to analytically 
exponentiate every single one of the (noncommuting) generators S n ,C n , this 
is not the case for an arbitrary linear combination, hence it is necessary to 
find a different parametrization of this space more amenable to an analytic 
treatment. It is mostly the complexity of these other parametrizations which 
allow analytic treatment that make the resulting formulae so complicated, 
thus it is natural to ask the question whether there might be an alternative 
approach to this class of problems that avoids this step entirely. 

Here, we will make use of V(SX) = f/(5)V(X)f/(5- 1 ) with S E su(S) and 
start with exp (p5 4 ) to which we apply an alternating sequence of SU (8) rota- 
tions with real and imaginary generators that turn part of the 4 s -component 
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into the 4 C component, then part of the A s component into the 5 S component, 
then 5 S — > 5 C , 4 S — > 6 S , etc. In particular, if we define 



to, 



5 a b + ^aj4fe sin a - (SaAfc sin a 
+ (daj^bj + SakSbk) (cos a - 1) 

Sab + <5 ai (5 fej - l ) + ( e " 



J2 so < 8 > a b (j,M) : 
and promote SU(8) rotations to E 7 via 

pP _ ( pfc nl TT'ij rrMn-P rrQ 

Q ~~ 2 V ' j M kl M M a 

then we have 



(5.10) 



1) 



(5.11) 



V ^exp ^O^ 5 " + c n C„) j ^=V(RA exp (pS 4 ) A _1 i? _1 ) (5.12) 



where 



045 


:= Urg^ 


(^45 


:= atan W5e "^ 45 


w 45 


COs(tJ45) 


046 


:= ±Arg^- 


^46 


. — cttclll . 7 




._ W 4 5e i $46 
COs(o>46) 


047 


:= ±Arg^- 


CJ47 


. — cttclll 

W46e 80 47 


u>47 


._ W)46e^47 
COs((I)47) 


048 


._ 1 A rcr »8 

•- 2 Ar § w 47 


UJ 4 g 


:= atan^ 6 "^ 8 


U>48 


._ 10476**48 
cos(oJ4s) 


a 


:= Argw 48 


P 


:= \w 48 \ 






0n 


:= -0n 




:= —u> n 







i? := J R sl/ ( 8 )(4,5,0 4 5)i? s °( 8 )(4,5,o;45) J R SC/(8) (4,6,046)x 
x R so ^ (4, 6, u 4e )R su ^ (4, 7, 047)^ O(8) (4, 7, cu 47 ) x 
x J R^( 8 )(4,8,0 48 ) J R 5O(8) (4,8,C4 8 ) 

W := 2 [54, C 4 ] 

A P Q := 5 p q - W^ p q sin(a/2) + W\W\ (cos(a/2) - 1) . 

(5-13) 

With this parametrization, the calculation of the potential is straightfor- 
ward, but still a solid computational challenge, even if we make use of the 
observation that it is independent of a. By trial and error, the author found 
out that forming the tensors Ai and A 2 is unproblematic, but even after 
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reducing the maximal number of variables which the LambdaTensor package 
can handle from 28 to 14 (in order to halve memory requirements to store 
terms), the calculation of their abs-squares, in particular the component Af 4 , 
exceeds memory limitations of 32-bit computer architectures. This step was 
performed by splitting the corresponding difficult terms into four pieces each, 
doing multiplication component-wise and writing out intermediate quantities 
to disk. 2 Even then, peak memory requirements well exceed 1 GB of RAM. 
The result is quite long, but numerical checks indicate its correctness. To 
conserve it in printed form, it is given in appendix A. 4, where a special nota- 
tion is also introduced to present it. Furthermore, it has been made available 
in electronic form [23]. 

One may well consider this potential as defining the present upper limit 
of what may be done with the LambdaTensor package with reasonable ef- 
fort. Since memory requirements are much more a problem than run time 
here, it would be possible to add code to the package which makes use of 
the experience gained in this calculation to automatically handle such sit- 
uations. Corresponding functionality will be included in a new version of 
the LambdaTensor package as soon as some related nontrivial design deci- 
sions have been resolved. Remarkably, despite its complexity, it is possible 
to translate this formula to a machine code version which can be evalu- 
ated in a sufficiently short time 3 and with sufficient accuracy to make a 
numerical search for vacua feasible. So far, there is only numerical evi- 
dence for one further nontrivial stationary point of this potential with a 
cosmological constant close to — 14(? 2 which also shows up when setting 
047 = u; 47 = 048 = u; 48 = and thereby restricting this potential further 
to the submanifold of 5*0(3) x S'0(2)-invariant scalars. Since there is a 
known vacuum with SO (3) x SO (3) symmetry and cosmological constant 
— 14g 2 , no attempt was made so analyze this candidate for a vacuum any 
further. 



2 The advantages to have direct access to low-level details of the implementation of 
symbolic algebra should be obvious. 

3 roughly 1.2 ms on a 1.8 GHz Pentium-IV 
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Chapter 6 



Specialized High-Performance 
Symbolic Algebra 

6.1 The LambdaTensor package 

Due to considerable complexity of the group-theoretic calculations involved, 
as well as due to the large number of different individual possible gaugings 
to be considered, there is a strong incentive to employ computer aid in the 
study of supergravity scalar potentials. Since none of the readily available 
packages for symbolic algebra turned out to be powerful enough to perform 
computations on the level of complexity required here, a new tool had to 
be developed for interactive work with large Lie algebras and Lie groups on 
the symbolic as well as numeric level. This approach eventually led to the 
implementation of the LambdaTensor package, designed for efficient symbolic 
and numeric calculations on sparse and nonsparse higher-rank tensors, which 
finally was released as a library under a free software license (version 2.1 of 
the GNU Lesser General Public License), since the expectation is that other 
areas of research may as well benefit from an efficient implementation of this 
functionality. 

This chapter is intended to explain not only why LambdaTensor does exist 
at all, but also give reasons underlying the design decisions that give it its 
present form, hence providing important background information for users 
of LambdaTensor. 

Concerning the original formulation of the problem, there are two com- 
plementary ways how such a package could be designed: either as a tool 
to perform symbolic manipulations on the level of tensor equations them- 
selves, or as a tool to operate on explicit coordinate instantiations of tensor 
equations. For LambdaTensor, the latter approach was chosen for a variety 
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of reasons: first, as desirable as a toolkit for computer-controlled interac- 
tive tensor equation manipulation may be, one important drawback when it 
comes to the application of such a framework to the problem at hand is that 
it would a priori not be possible to switch over to numerical counter-checks of 
results obtained on the purely symbolic level, or to do a fully numeric search 
for stationary points in the high-dimensional potentials of gauged extended 
supergravity theories which would not be accessible at the symbolic level. 
Second, since the most promising method available at present to system- 
atically obtain information about vacua of these theories is to consider the 
potential on a subspace of the full scalar manifold which is invariant under 
a subgroup of the gauge group, and since one is in particular interested in 
making this investigation as exhaustive as possible by making the invariant 
subspace as large, and hence the subgroup of the gauge group as small as is 
feasible with available resources, the number of terms in such a purely ana- 
lytic approach is bound to explode, removing some of the aesthetic as well 
as computational advantages of this route. 

Furthermore, the change in perspective induced by the choice to focus on 
explicit coordinate representations of generators of exceptional groups turned 
out to be very fruitful for the solution of the mundane sub-problem of finding 
exact analytic expressions for Lie group elements obtained by exponentiation 
of certain generators of special relevance, practically rendering this important 
step trivial. For investigations of the potential of N = 8, D = 4 supergravity, 
this step is greatly simplified by the peculiar SU(8) sub-structure of the 
fundamental 56 of £7(7) available there, while for E 8 ^, no corresponding 
construction seems to exist. Since no attempt was made to understand how 
the underlying structure of the exceptional Lie algebras involved simplifies 
exponentiation of generators given explicitly in coordinate representation, 
this is (for this work) perhaps to be considered a lucky coincidence. 

6.2 Design and implementation 

Judging from the design of similarly specialized packages for computer-aided 
calculations, such as GAP, LiE, Form, R, SPSS, and the like, one very com- 
mon approach is to implement a standalone executable program which em- 
ploys an interpreter for a simplistic programming language (frequently also 
usable interactively), providing commands that wrap internal functionality 
implementing the relevant algorithms. For LambdaTensor, an approach fun- 
damentally different from this conventional one was chosen, which therefore 
should be justified. 

The task to implement an interactively usable symbolic algebra package 
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asks for a run-time system which takes care of dynamic memory manage- 
ment, provides an interactive top-level, and allows to define new values and 
functions at run-time. It turns out that these requirements which one would 
like to impose on a run-time system are common enough to be relevant for 
a much wider class of highly dynamic programs, and therefore the question 
arises whether it is feasible to do an efficient and aggressively optimized 
implementation of a bare core of such a programmable run-time system pro- 
viding a high-quality implementation of widely used functionality, with the 
idea in mind that having such a standardized system available should take 
away the burden of writers of dynamic programs to build one themselves 
as the foundation for their work. Instead, the idea is to evolve an existing 
core system by supplementing it with additional definitions. Although it is 
therefore of vital importance that this core subsystem is extensible and pro- 
grammable at the level of its implementation itself (in contrast to systems 
that provide an extension language built on top of them), it should be seen 
an an advantage if it provided metasyntactic capabilities but hardly any syn- 
tax by itself; any existing syntax imposes restrictions on the language the 
application writer is going to build on top of it, and it can not be anticipated 
(and should not be tried to) what form the final application language is going 
to have. 

Such a programmable efficiently implemented minimal core system is just 
what a COMMON LISP system is intended to provide; the fact that LISP 
syntax looks so different from almost anything else is readily explained in this 
context: LISP is not intended to have any syntax; instead, a LISP program 
essentially is the syntax tree which in other languages is generated from code 
during the first compilation step. 

A decision was made not to supplement LambdaTensor with an own 
package-specific language, as for example MAXIMA - which is also LISP- 
based - does, since this would only have meant restricting functionality avail- 
able to the end user to a subset of LISP, while adding the burden for the 
user to learn yet another language 1 which he eventually is bound to drop 
again, since advanced users will most likely sooner or later want to work 
with LambdaTensor at the level it was written itself. Hence, since there is 
no reason to assume LISP to be worse than any proprietary limited language 
specific to only a single application, the application and extension language 
for LambdaTensor is also LISP. 

The immediate price that has to be paid by implementing a system like 



^ot to speak of the author to design and implement and document one - which cer- 
tainly is quite far away from the original research topic of investigating the extremal 
structure of gauged extended supergravity! 
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LambdaTensor by extending a COMMON LISP system, in particular CMU 
Common LISP (CMUCL), is that due to CMUCL containing an optimizing 
machine code compiler with debugger as well as a base set of further LISP- 
and Unix-related definitions of considerable size, a running LambdaTensor 
process will typically occupy more than 40 MB of RAM. (This, however, has 
to be seen in relation to the size of typical intermediate values that appear in 
calculations one uses this package for, usually some 100 MB.) Furthermore, 
and perhaps even much more important, CMUCL is (with a few exceptions) 
only well supported on x86-based free unix platforms (Linux and BSD), hence 
in particular not available for some workstation or supercomputer architec- 
tures one would like to run LambdaTensor on. This is of importance, since 
x86 is a 32-bit architecture, meaning that one has to deal with an address 
space limit of 4 GB. As there is no realistic problem-induced limit to which su- 
pergravity potential calculations could be taken using the present approach, 
technical limitations how far one can go will be either induced by a memory 
or computation time barrier. Tests have shown that for these calculations, 
memory limitations are much more severe than calculation time limitations. 

There is a variant of CMU CL, called SBCL, which (with minor adjust- 
ments) can be used to run LambdaTensor on non-x86 Unix workstations, 
like PPC- or Alpha-based architectures, which might at a first glance seem 
especially attractive, since the 64-bit Alpha processor offers a 43-bit virtual 
address space. Unfortunately, SBCL only runs as 32-bit application on all 
64-bit architectures it has been ported to, so nothing is gained here. In fact, 
to the present author's best knowledge, there does not exist a freely available 
sufficiently evolved COMMON LISP implementation using 64-bit addressing 
at the time of this writing. For the LISP derivative Scheme, such solutions 
do exist, e.g. Marc Feely's Gambit [26]. Since the LambdaTensor code em- 
ploys only a comparatively small subset of the COMMON LISP language, 
which was deliberately chosen to simplify semi-automatic porting to other 
LISP-like systems, migration to Scheme may become an interesting option 
in the future. 

6.3 Central Algorithms 

The LambdaTensor package is by orders of magnitude more efficient than 
general-purpose symbolic algebra packages would be for the specialized task 
it was designed for. 2 Due to its novel ways to handle symbolic algebra, we will 
give an overview over the central algorithms that make it fast. This section 

2 Therefore, it was nominated as one of the best three contributions to the Heinz Billing 
Award for the Advancement of Scientific Computation in 2002[4]. 
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should also help to clarify questions on which optimizations are performed 
automatically by LambdaTensor and which are not. For more details, the 
reader should also consult [18], the LambdaTensor documentation, and the 
LISP source. 

As explained in [18], one fundamentally important idea is to utilize the 
observation that tensors showing up in group theory calculations frequently 
are very sparsely occupied - for example, in the conventions used here, struc- 
ture constants of the largest (248-dimensional) exceptional Lie group Eg /ab C 
contain only 49 440 out of 248 3 = 15 252 992 nonzero entries - and hence, we 
can make good use of efficient implementations of abstract algorithms that 
can handle sparsely occupied higher-rank tensors. Efficient code working on 
sparse matrices is widely used and readily available; the appropriate algo- 
rithms for handling higher-rank tensors are also quite well-known, albeit in 
a very different context: relational databases. 

In particular, at the level of explicit tensor entries, forming a quantity 

like 

M abc = N gha P°\ c (6.1) 

translates as follows into the language of relational databases (SQL syntax 
used here): 

SELECT tl.index3 as indexl, 
t2.index3 as index2, 
t2.index4 as index3, 
SUM(tl.val*t2.val) 
FROM tensorl tl, tensor2 t2 

WHERE tl.indexl=t2. indexl AND tl . index2=t2 . index2 
GROUP BY tl.index3, t2.index3, t2.index4; 

Unfortunately, it is not feasible to just connect to an existing SQL data- 
base system (like PostgreSQL), create relations for tensors, and use exist- 
ing implementations of these algorithms by doing all the calculations in the 
database, for various reasons. Besides considerations concerning the effi- 
ciency of communication, and considerable additional computational over- 
head due to databases having different aims, one major problem is that 
extending the database system to abstract from the implementation of sum 
and product here, as is necessary as soon as we want to work with data 
types not natively supported by the database (which are frequently limited 
to integers and floatingpoint numbers) would bring along too many technical 
problems. Hence, what is required is a re-implementation of the underlying 
database algorithms with numerical as well as symbolic tensor computations 
as applications in mind. Furthermore, this implementation has to be ab- 
stract enough to allow all relevant arithmetic operations to be provided as 
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parameters, so that one may switch between approximate numerics, exact 
(i.e. rational number) numerics, and symbolic calculations. 3 

The underlying data structure chosen for the implementation of sparse 
tensors is that of a multidimensional hash. Just as an array can be regarded 
as a dictionary mapping every index from a given range of natural numbers 
to a corresponding value with fast (i.e. independent of the size of the array) 
lookups, a hash is a generalization of this concept where the set of keys of 
the dictionary is not restricted to a range of natural numbers, but may be 
an arbitrary set of values which can effectively be compared for equality. 
(In our case, a vector of indices.) In brief, the idea behind implementations 
of hashing algorithms 4 in its simplest (one-dimensional) form is to make a 
naive implementation of a dictionary which does lookups by traversing a 
list of key- value pairs (and hence has O(N) time complexity for lookups 
in a dictionary of N elements) fast by splitting this key-value list into an 
array of such key- value lists of limited average length, where the first lookup 
step consists of finding the right array entry (called a hash bucket) holding 
the key-value list in which a given key, if present in the hash, is bound to 
lie. This is done by the help of a hash function which maps keys to bucket 
numbers. Such hash functions should be easy to calculate and distribute 
keys evenly between buckets. Whenever a new entry is made into a hash, 
its key is also first mapped to a bucket number, and then, the corresponding 
key- value-pair is either appended to the key- value-list in that bucket, or 
merged with a previously existing entry for this key. Should the average 
occupation of a hash grow beyond a given limit (like, two key-value pairs per 
bucket), then a rehash is initiated, which means that the underlying array 
is deleted and all the data it contained is transferred to another array larger 
than the previous one by a given factor. This process is invisible to the user 
of the hash data structure. One-dimensional hashing is easily generalized 
to the multi-dimensional case (using a higher-rank array of buckets), which 
is not explained in detail here. (Readers wanting to know more may find 
it instructive to use the LISP inspector 5 to get an impression how this is 
done in the underlying implementation. At least, it should be noted here 
that although LISP has built-in support for higher-rank arrays, it would do 



3 Thc ability to implement and use arbitrary arithmetics on tensor entries has proven to 
be of great value during the debugging phase of the symbolic algebras provided within this 
package. For example, it is easy to (even automatically) lift an existing implementation of 
arithmetic operations on symbolic terms to an implementation working on pairs of terms 
and numerical values of these terms for a given occupation of variables that signals an 
error whenever a discrepancy between these values shows up. 

4 see e.g. [36] 

5 (inspect (TENSOR)) 
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considerable harm to efficiency to actually use these instead of implementing 
higher-rank arrays on flattened rank-1 arrays, despite recommendations in 
[46]. The reason is that LISP's method of array access for higher-rank arrays 
whose rank is not known at compile time (as in our case) via (apply #'aref 
. . .), resp. (setf (apply #'aref . . .) . . .) would cause an intolerable 
amount of unnecessary consing.) 

While for usual applications, the effectivity of hashing will increase with 
increasing number of buckets (and hence, decreasing average occupation), 
one frequent operation in database-related applications (like tensor multipli- 
cation in the example above) is to iterate over all entries of a hash. This, 
of course, works best if the number of unoccupied hash buckets is small, so 
creating overly sparse hashes also hinders performance. Note that version 1.0 
of LambdaTensor does not shrink hashes automatically for which occupation 
density falls below a given threshold, so e.g. calculations with an empty (i.e. 
all entries zero) tensor which was created from a sparsely occupied one by 
setting entries to zero will at the average not be much faster than calcula- 
tions with the original sparsely occupied tensor. (In most cases, this is not an 
issue.) If more than a certain share of all possible entries of a sparse tensor 
are set to nonzero values (currently, about one-quarter), LambdaTensor will 
internally rehash the tensor to a conventional nonsparse representation. 

The tensor index hash function must map a dimension- N index from the 
range . . . (N — 1) to the range of hash buckets. 6 

For LambdaTensor, the hash function currently employed is simple inte- 
ger modulus. At a first glance, this may seem to be a very dangerous design 
decision, since a good hash function should try to distribute entries evenly 
among buckets, and therefore apply some perturbing operations on the hash 
key before taking the modulus. Here, the idea is that in most cases, group 
theory itself will take care of the task of even distribution of elements among 
buckets (since there usually are no preferred coordinates, or obvious special 
relations causing hash bucket clashes). 7 In fact, looking in detail at a typical 
higher-rank tensor in the current implementation, like the 49 440 nonzero 
entries of the structure constants of Ems) e8-f abc, 8 one discovers that these 
are stored in a sparse 41 x 41 x 27 array with hash bucket occupation statis- 

6 In LISP, it is conventional to start counting of indices at zero, just as in C. One 
important advantage of such a convention is that linear indices corresponding to flattened 
versions of higher-rank arrays are more naturally expressed in the original indices than 
with the FORTRAN convention to start array index counting at 1 . 

7 Note that simple integer modulus is also the hash function for integer numbers in 
CMU CL and GCL, though not in CLISP. 

8 Using package-private internal functions, this information can be extracted 
via (array-dimensions (lambdatensor : : sp-array-data e8-fabc)) 

and (sort (seq-statistics (map 'simple-array #' length 
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tics x i594 8 lxi574o 2 x gi43 3 X 3230 4 x ioi9 5 X 222 6 X 63 7 x i6 8 X 6, which is reasonably 
close to a typical random distribution on available hash buckets. 9 

Since the sparse array handling part of LambdaTensor has to deal with 
sparse and nonsparse arrays without exposing this to the user, in particu- 
lar provide tensor arithmetic operations for the cases nonsparse- nonsparse, 
nonsparse-sparse and sparse- sparse, and furthermore supports specialized ef- 
ficient implementations for certain types of sparse and nonsparse tensors 
which employ machine arithmetics where available (i.e. for double-float 
and (complex double-float) tensors), this module contains a considerable 
amount of code to cover all the possible cases resulting from the product of 
these distinctions. 

One further notable feature of LambdaTensor is that in products of mul- 
tiple tensors, the order in which multiplications are executed is scheduled 
in such a way as to minimize the total number of multiplications to be per- 
formed. Let us briefly illustrate this in a very simplistic matrix example: if A 
is a nonsparse 10 x 2 matrix, B a nonsparse 2x4 matrix, and C a nonsparse 
4x8 matrix, then the 10 x 8 matrix ABC can be calculated by performing 
the first or second product first. Calculating (AB)C will require 10-2-4 
multiplications for the calculation of the 10 x 4 matrix AB and 10-4-8 
multiplications to form the other matrix product, for a total of 400 multipli- 
cations. Likewise, calculation of A(BC) only requires 2-4-8 + 10 - 2- 8 = 224 
multiplications. LambdaTensor is aware of such optimizations even for prod- 
ucts of multiple tensors with arbitrary contractions between tensors and will 
automatically try to choose that particular multiplication order which re- 
sults in the smallest number of arithmetic operations. For sparse tensors, 
this is done heuristically by assuming independent equidistribution of tensor 
entries. (Should this heuristic approach fail due to non- independence of the 
distribution of entries and produce overly expensive calculations, one may 
always resort to determining multiplication order by splitting such products 
manually.) 

Even with efficient tensor arithmetics available, one further problem is 
the symbolic complexity of analytic expressions involved in supergravity po- 
tential calculations. The widespread approach to first introduce coordinates 
on certain special submanifolds of the symmetric space E^rg)/ SO (16) by a 
procedure reminiscent of Euler angle parametrizations of 5*0(3) inevitably 

(lambdatensor : : sp-array-linear-data e8-fabc))) #'< :key #'car) 

9 Things look worse for tensors like so8-sigma-i jkl-ab or epsilon8, but this may in 
part be traced back to the small index range in every coordinate, which is supposed to 
cause major distortions for every hash function mapping coordinates to a smaller range. 
Still, the quality of this naive and easy to calculate hash function turns out to be sufficient 
even in these cases, although there is clearly room for improvement. 
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generates very complicated analytic expressions for the V-matrix and all fur- 
ther intermediate quantities derived from it whose complexity will explode 
with the number of (compact or noncompact) angular coordinates. There- 
fore, it is also of vital importance to have an efficient machine representation 
of such terms in order to make such calculations feasible on manifolds with 
enough dimensions to produce interesting results (i.e. new vacua). 

The conventional way to represent an analytic expression, in this partic- 
ular example Maple's internal representation of the term 



is shown in figure 10 (6.1). 11 The general underlying idea here is to use a 
representation general enough to handle arbitrary terms, but to try to save 
space by not duplicating subterms. 12 The major drawback of such general 
representations of terms is that for specialized applications, in particular for 
the problem at hand, they tend to conceal some possible simplifications or 
reductions which take a more natural form in a term representation that fits 
the application. In this particular case, all that a general-purpose symbolic 
algebra package like Maple can do is to factor out common subterms or 
perform partial reductions by applying simple trigonometric identities. 13 

Concerning trigonometric manipulations, the most useful term represen- 
tation for doing calculations would be 



where the kj and Cj k are (complex) rational numbers and Vj k variables. Al- 
though calculations involving only terms of this form are conceptually simple, 
the big drawback of this representation is the large number of individual sum- 
mands; even an expression as simple as (6.2) would consist of 12 different 
summands if written in this form, which come in two groups of almost identi- 
cal summands that differ only in signs of coefficients. Hence, the idea suggests 
itself to use this explicit exponential form but store terms in a packed format 

10 Diagrams have been generated with graphviz (Trademark by AT&T). 
11 Cf. [32] for details concerning Maple's term representations. 

12 One way to implement this is to use a hash of weak pointers on all currently known 
terms to map a newly generated expression to a pre-existing memory representation of 
that expression. 

13 Indced, only a very small subset of all possible reductions is found and applied, as 
can be seen by transforming a potential like (3.5) to expanded exponential form via 
simplify(normal(expand(convert(Phi,exp)))) and then trying to reduce this to an 
expression of comparable length using Maple's builtin simplification functions. 



2 sinh A sinh 7/x cos 4a + 28 cosh A cosh 3/z, 



(6.2) 




(6.3) 
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Figure 6.1: Maple's internal term representation (example) 
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where every such group of summands that are identical up to sign flips is 
represented by the first term in a suitable lexicographical ordering and in- 
formation about additional symmetrizations and anti-symmetrizations. (As 
a further optimization, one observes that coefficients are either real and ra- 
tional, or purely imaginary and rational, so it suffices to store only a real 
number and one bit of information whether the corresponding coefficient is 
real or imaginary.) Such a term representation turns out to be of remarkably 
compact form, yet contain enough information to do efficient calculations 
that also yield terms of such compact form - which conventional symbolic 
algebra cannot do with similar efficiency. The internal representation of the 
term (6.2) in this format is shown in figure (6.2). In both memory represen- 
tation diagrams (on 32-bit architectures), one rectangular box corresponds 
to one 32-bit cell. 14 

Addition of such terms is straightforward to implement. Multiplication 
is much more involved, since product forming of summands with overlapping 
symmetrizers involves partial unpacking of one factor. The most difficult step 
for multiplication is the combination of resulting contributions into packed 
terms. Indeed, there are some situations involving symmetrizers that cover 
multiple variables at once in which possible symmetrizers overlap in such 
an unfortunate way that the optimal form can not be found. Experiments 
have shown that this rarely happens for the calculation of potentials of four 
variables, but may become more common the larger the number of variables. 
Nevertheless, degradation of this method due to this effect is a minor issue 
in most applications. 

Further attempts to use memoization or subterm identification as per- 
formed by Maple with this new scheme to implement symbolic algebra have 
not resulted in noticeable improvements in performance or memory require- 
ments so far. 



1 This will also be changed in subsequent versions, which will only allow a maximum of 
14 different angular variables, but considerably reduce memory requirements. 
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Symmetrizers 
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Figure 6.2: Specialized trigonometric term representation (example) 
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6.4 Provided functionality and the user in- 
terface 

The main user interface to multilinear algebra, given by the function sp-x, 
evolved into its present form through a process of experimentation with a 
considerable number of different approaches. The basic idea is to subsume 
the elementary operations of index re-ordering, tensor contraction and ten- 
sor product forming in one function that resembles conventional formalism 
as closely as possible. Since the underlying tensor operations themselves 
typically require a large number of machine operations to be executed, it 
is perhaps affordable here to add an overhead of a few extra operations to 
provide a decent interface. This approach turned out to be much more con- 
venient to use than the one implemented by Maple, which only provides bare 
operations like tensor contraction and product forming of two (not multiple) 
tensors and in which indices have to be labeled by position, not by symbolic 
names. In contrast, LambdaTensor index names can be arbitrary LISP values 
which are compared for equality by EQUALP. 15 

Although it is not difficult to implement the index matching code in such 
a way that upper and lower indices are discerned and summation can only 
take place between an upper and a lower index, a deliberate choice was made 
not to do so, in part due to the prominent role of the special orthogonal 
groups in supergravity, for which there is no need to discern between upper 
and lower indices (and hence, doing so would only introduce superfluous 5^- 
metric tensors both in formulae and in code), and in part since it is more 
advantageous in this case to build code whose main purpose is to catch user 
errors on top of a library providing bare functionality than into it. (Making 
it mandatory would only limit the potential given to users that know how 
and when to deliberately break the rules.) 

It would clearly be very desirable to have a close one-to-one correspon- 
dence between formulae in a machine representation suited for calculations 
and conventional notation in physics (especially since manual conversion of 
a large number of formulae can be a considerable source of errors) , and one 
is tempted to try to use LISP's forementioned metasyntactic capabilities to 
implement such a 'language' that resembles conventional formalism as close 
as possible, but despite considerable effort, any previous attempts in that 
direction have not produced satisfactory results so far. The underlying prob- 
lem seems to be that casting the somewhat casual practice of omitting simple 
embedding tensors by the introduction of (sequences of) index splitting con- 



15 Index names of the form (cons : f ix (number)) play a special role and denote indices 
fixed to a number. 
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ventions into the framework of a set of strict rules suited for a computer so 
far only produced very elaborate rulesets with many special cases that turned 
out to be difficult to handle and by far not as convenient as usual physical 
notation. 



6.5 Future developments 

Since the first public release of this package [18], this package has considerably 
evolved. Besides a few bug fixes to the documentation and functions of minor 
importance that did not endanger the validity of any of the results obtained 
with this package, as well as necessary simple improvements in a few places 
like the serializer, a considerable amount of new functionality has been im- 
plemented that will be part of the next release. One important improvement 
is the extension of LISP number arithmetics to finite-dimensional field exten- 
sions (or even nondivision algebras) over the rational numbers. It is a happy 
coincidence that a lot of data can be extracted from the D = 3 maximal 
gauged supergravity potentials using almost exclusively rational arithmetics; 
there nevertheless are also quite some cases where rational arithmetics is not 
sufficient, and having access to a direct implementation of finite-dimensional 
algebras over Q that are specified via a multiplication table can for some 
tasks circumvent common problems of conventional symbolic algebra. 16 

In a certain sense complementary to the large sparse tensor functionality 
provided by the initial release is the group-theoretic approach based on roots 
and weight vectors that is implemented by LiE [47]; Since it is occasionally 
very useful to have this functionality directly available when working with 
explicit tensors, and not only via a detour through another program, the 
next version will also implement more abstract group theory. 17 

As was already mentioned, the next release will change the internal repre- 
sentation of trigonometric term arithmetics to a much denser format, limiting 
the number of different names for angular variables in a calculation to 14; this 
limit is perhaps not too unreasonable. (It can be changed back if necessary.) 

On the more experimental side, the next release will also contain first 

16 For example, Maple VR5.1 does not automatically simplify 97+5e ^(f to 1. Even making 

(2+V3J 

the denominator a rational number only produces — (97 + 56 \/3) (—97 + 56 \/3) • While 
one may get rid of such artefacts by applying x^expand (rationalize (x) ) or radnormal 
from the library with the same name to end results, this default behaviour certainly does 
not help to reduce expression swell in intermediate quantities. 

17 A strong incentive to implement some important group-theoretic algorithms was given 
by research that culminated in a paper with H. Nicolai on the structure of E\o and En 
[44]. 
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rudimentary support for distributed computing where asynchronous I/O is 
used to broadcast and receive calculation requests and results via a TCP 
stream socket. 

Finally, the installation procedure for two major commercial Linux dis- 
tributions which do not use the Debian package format will be simplified. 



CHAPTER 6. SYMBOLIC ALGEBRA 



Chapter 7 

Conclusion and Outlook 



As the analysis of a few example cases with interesting structure has shown, 
the tools presented in this thesis greatly simplify the task of the determination 
of nontrivial stationary points of gauged extended supergravity theories. The 
underlying mathematical ideas of the approach taken here (i.e. restriction of 
the potential to maximal submanifolds of the whole nonlinear space of scalars 
which are invariant under some given subgroup of the gauge group) have been 
in use for many years and still are considered the most promising ansatz to 
at least obtain information about vacua with a certain amount of unbroken 
gauge symmetry. By employing and inventing new methods in symbolic 
algebra, it was possible to take this approach to previously unreached heights, 
concerning both the study of a large variety of different related models in a 
reasonable amount of time and the level of detail to which these investigations 
can be carried. 

On the computational side of this work, three major advances conspire to 
make this technological jump possible: first, a reasonably efficient implemen- 
tation of multilinear algebra on sparsely occupied tensors of higher rank and 
large dimension, necessary to effectively handle explicit realisations of excep- 
tional Lie groups (not algebras). This part is quite straightforward, since the 
underlying algorithms by now have been known for decades in the context of 
relational databases, only that an implementation of these algorithms with 
group theory as an application in mind has to the author's best knowledge 
not been available so far. What should be considered as a new approach, 
however, is to use A abstraction to fully parametrize the database part by 
the implementation of arithmetics on tensor entries, allowing maximal flexi- 
bility in the application of this framework. Second, a highly memory efficient 
problem specific encoding of symbolic expressions that appear in these calcu- 
lations as tensor entries. This is noteworthy since here it is possible for terms 
of sufficient complexity to outperform conventional methods for the memory 
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representation of symbolic expressions by more than one order of magnitude. 
Third, related to the novel problem-specific tight encoding of information 
carried by symbolic expressions, term algebra can be implemented in such 
a way that far more simplifying trigonometric identities are discovered than 
with a conventional approach. This greatly helps in reducing intermediate 
expression swell. 1 

The algorithmic tools developed for this work are probably at present the 
most efficient ones available for working with explicit coordinate represen- 
tations of large Lie groups; since they might be useful in a much broader 
context, they have been made publicly available in source form under a free 
software license [18]. 

As is exemplified by a dozen new possible vacua that have been found 
in this work, the extremal structure of gauged three-dimensional supergrav- 
ities is far richer than that of any higher-dimensional supergravity model. It 
should be emphasized that these models are likely to still have many more 
vacua than the ones given here. In particular, we mostly have been concerned 
with vacua on submanifolds that are invariant under subgroups which are em- 
bedded into E 8 (+8) in a very simple fashion. In particular, we did not consider 
a single case here where the gauge group 5*0(8) x SO (8) is broken down to 
a diagonal subgroup whose definition makes use of an extra triality rotation. 
Also for the four- and five-dimensional much broader investigation 

would be possible. Concerning especially the four- dimensional case, there 
is an embedding of SO (3) into SO (8) which gives rise to a 20-dimensional 
invariant submanifold of the scalar manifold - certainly too large for an an- 
alytic treatment. Nevertheless, a numerical search for vacua which employ 
direct numerical exponentiation of 56 x 56 matrices should be feasible in a 
highly distributed environment (maybe using computer power from volun- 
teers on the internet). Another question which has not been answered so far 
that might be solved by a computer-aided exhaustive search is whether there 
are any semisimple nonmaximal subgroups of i?8(+8) that can be promoted 

lr To give an explicit example, the calculations presented in [21] originally were per- 
formed by employing a term representation comparable to that used by conventional sym- 
bolic algebra packages, but with additional provisions to recognize some types of non-local 
reductions of summands typically not performed by usual symbolic algebra systems. The 
original form of the five-parameter potential as it dropped out of the tensor calculation 
filled 475 pages, but could then in a separate step be reduced down to just one single 
page [22]. Due to exponential swell in expression complexity, calculations with eight- or 
even nine-parameter potentials, as presented here, would have been entirely impossible 
with such an 'usual' implementation of term algebra. On the other hand, it is hard to 
imagine how far out of reach of conventional symbolic algebra a potential like (5.8) which 
we obtained by these novel methods and which would fill well over 200 pages in a less 
compact notation is. 
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to gauge groups. 

One of the big pending problems is to clarify the relation between the 
N = 16 D = 3 gauged supergravity models and higher-dimensional super- 
gravity; at present one can only speculate whether this might lead to a theory 
beyond eleven-dimensional supergravity. The N = 16 models may play a role 
in the supergravity description of matrix string theories [35, 40]; this has to 
be clarified in the future. In particular, not much is known about the (su- 
per) conformal theories corresponding to the AdS solutions of gauged N = 16 
supergravity. 
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Appendix A 

Potentials too lengthy to be 
given in the main text 



A.l The S'0(6)diag invariant submanifold 

For the gauge group 5*0(6, 2) x 5*0(6, 2), the potential corresponding to the 
parametrization (3.8) reads: 

-8g- 2 V = 

27 + 3 cosh(4z) + 3 cosh(4z) cos(2r 2 ) - 3 cosh(4z) cos(2ri) 
—3 cosh(4z) cos(2ri) cos(2r2) + \ cosh(4s) 
+\ cosh(4s) cos(2r2) — \ cosh(4s) cos(2ri) 

— \ cosh(4s) cos(2ri) cos(2r2) + 9 cosh(2s) cosh(2z) 
+ 4 cosh(2s) cosh(6 2:) — 3 cos(2r3) sinh(2z) sinh(2s) 
+\ cos(2r3) sinh(6z) sinh(2s) 

—3 cosh(2s) cosh(2z) cos(2r2) — \ cosh(2s) cosh(6z) cos(2r2) 
—3 cos(2r2) cos(2r3) sinh(2z) sinh(2s) 
+\ cos(2r2) cos(2r3) sinh(6z) sinh(2s) 

+3 cosh(2s) cosh(2 2:) cos(2ri) + | cosh(2s) cosh(6z) cos(2ri) 

— 9 cos(2ri) cos(2r3) sinh(2z) sinh(2s) 
+| cos(2ri) cos(2r3) sinh(6z) sinh(2s) 
+3 cosh(2s) cosh(2 2;) cos(2ri) cos(2r2) 
+\ cosh(2s) cosh(6 2:) cos(2ri) cos(2r2) 

— 12 sin(2r3) sin(r2) sin(2ri) sinh(2z) sinh(2s) 
+ sin(2rs) sin(r2) sin(2n) sinh(6z) sinh(2s) 
+3 cos(2ri) cos(2r2) cos(2r3) sinh(2z) sinh(2s) 

— \ cos (2 n ) cos(2r2) cos(2r3) sinh(6z) sinh(2s) + cosh(2t>) 
—9 cosh(w) cosh(4z) +3 cosh(i>) cosh(4z) cos(2r2) 

— 3 cosh(w) cosh(4z) cos(2ri) — 3 cosh(w) cosh(4z) cos(2ri) cos(2r2) 

— \ cosh(2f) cosh(4s) — i cosh(2f) cosh(4s) cos(2r2) 
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+\ cosh(2t>) cosh(4s) cos(2ri) 

+ \ cosh(2u) cosh(4s) cos(2ri) cos(2r2) 

— 15 cosh(w) cosh(2s) cosh(2z) — | cosh(2w) cosh(2s) cosh(6z) 

— 3 cosh(t;) cos(2r3) sinh(2z) sinh(2s) 

— \ cosh(2t>) cos(2r3) sinh(6z) sinh(2s) 
—3 cosh(v) cosh(2s) cosh(2z) cos(2r2) 
+\ cosh(2u) cosh(2s) cosh(6z) cos(2r2) 

—3 cosh(w) cos(2r2) cos(2r3) sinh(2z) sinh(2s) 

— \ cosh(2u) cos(2r2) cos(2r3) sinh(6z) sinh(2s) 
+3 cosh(v) cosh(2s) cosh(2z) cos(2ri) 

— \ cosh(2w) cosh(2s) cosh(6z) cos(2ri) 

—9 cosh(w) cos(2ri) cos(2r3) sinh(2z) sinh(2s) 

— | cosh(2u) cos(2ri) cos(2r3) sinh(6z) sinh(2s) 
+3 cosh(v) cosh(2s) cosh(2z) cos(2ri) cos(2r2) 

— \ cosh(2u) cosh(2s) cosh(6z) cos(2ri) cos(2r2) 

— 12 cosh(u) sin(2r3) sin(r2) sin(2ri) sinh(2z) sinh(2s) 

— cosh(2u) sin(2r3) sin(r2) sin(2ri) sinh(6z) sinh(2s) 
+3 cosh(v) cos(2ri) cos(2r2) cos(2r3) sinh(2z) sinh(2s) 
+ \ cosh(2f) cos(2ri) cos(2r2) cos(2r3) sinh(6z) sinh(2s). 

If we use the same parametrization for the SO(7, 1) x SO(7, 1) gauged 
theory, we get: 

-8g- 2 V = 

m +g cos(2r 5 ) + ^co S (4r 3 ) 

-p cos(4r 3 ) cos(2r 5 ) - ^ cos(2r 2 ) 

+ ^ cos(4r 2 ) + cos(2r 2 ) cos(2r 5 ) 

-J cos(4r 2 ) cos(2r 5 ) + ^ cos(2r 2 ) cos(4r 3 ) 

+ ^ cos(4r 2 ) cos(4r 3 ) - ^ cos(2r 2 ) cos(4r 3 ) cos(2r 5 ) 

cos(4r 2 ) cos(4r 3 ) cos(2r 5 ) - ^ cos(2ri) 
+ ^ cos(2n) cos(2r 5 ) - ±§ cos(2ri) cos(4r 3 ) 
+ p cos(2ri) cos(4r3) cos(2rs) + ^ cos(2ri) cos(2r2) 
+ |r cos(2ri) cos(4r 2 ) - ^ cos(2ri) cos(2r 2 ) cos(2r 5 ) 

— X cos(2ri) cos(4r2) cos(2rs) 

— Yg sin(4r3) sin(r2) sin(2ri) 
-A sin(4r 3 ) sin(3r 2 ) sin(2n) 

— cos(2ri) cos(2r2) cos(4r3) 
+ ^ cos(2ri) cos(4r2) cos(4r3) 

+ jq cos(2rs) sin(4r3) sin(r2) sin(2n) 
+ ^ cos(2r 5 ) sin(4r 3 ) sin(3r 2 ) sin(2n) 
+X cos(2ri) cos(2r2) cos(4r3) cos(2r5) 

— ^l cos(2ri) cos(4r2) cos(4r3) cos(2r5) 

+3 cosh(4z) +3 cosh(4z) cos(2r2) — 3 cosh(4z) cos(2ri) 
-3 cosh(4z) cos(2ri) cos(2r 2 ) - |§ cosh(4s) 
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+^ cosh(4s) cos(2r 5 ) — ^ cosh(4s) cos(4r 3 ) 

+^ cosh(4s) cos(4r3) cos(2rs) — jq cosh(4s) cos(2r2) 

+^ cosh(4s) cos(4r2) + jq cosh(4s) cos(2r2) cos(2rs) 

— ^ cosh(4s) cos(4r2) cos(2rs) 

— X cosh(4s) cos(2r2) cos(4rs) 

— cosh(4s) cos(4r2) cos(4r3) 

+ jq cosh(4s) cos(2r2) cos(4r3) cos(2r5) 

+^ cosh(4s) cos(4r2) cos(4r3) cos(2r5) 

+52 cosh(4s) cos(2ri) — ^ cosh(4s) cos(2ri) cos(2r5) 

+ g| cosh(4s) cos(2ri) cos(4r3) 

— cosh(4s) cos(2ri) cos(4r3) cos(2r5) 
+jq cosh(4s) cos(2ri) cos(2r2) 

+M c °sh(4s) cos(2ri) cos(4r2) 

— cosh(4s) cos(2ri) cos(2r2) cos(2r5) 

— ^ cosh(4s) cos(2ri) cos(4r2) cos(2r5) 

cosh(4s) sin(4r3) sin(r2) sin(2ri) 
cosh(4s) sin(4r3) sin(3r2) sin(2ri) 
+4t cosh(4s) cos(2ri) cos(2r2) cos(4r 3 ) 

— 64 cos h(4s) cos(2n) cos(4r2) cos(4r3) 

— cosh(4s) cos(2rs) sin(4r3) sin(r2) sin(2ri) 

— jq cosh(4s) cos(2rs) sin(4r3) sin(3r2) sin(2ri) 

— jq cosh(4s) cos(2ri) cos(2r2) cos(4r3) cos(2r5) 
+i cosh(4s) cos(2ri) cos(4r2) cos(4r3) cos(2r5) 
+9 cosh(2s) cosh(2z) — | cosh(2s) cosh(6z) 

+\ cosh(2s) cosh(6z) cos(2rs) 

— 3 cos(2r3) sinh(2 2:) sinh(2s) —3 cosh(2s) cosh(2z) cos(2r2) 
+| cosh(2s) cosh(6 2:) cos(2r2) 

— g cosh(2s) cosh(6 2:) cos(4r2) 

— I cosh(2s) cosh(6;?) cos(2r2) cos(2rs) 
+| cosh(2s) cosh(6 2:) cos(4r2) cos(2rs) 
—3 cos(2r2) cos(2r3) sinh(2z) sinh(2s) 

— | cos(2r2) cos(2r3) sinh(6z) sinh(2s) 

— | cos(4r2) cos(2r3) sinh(6z) sinh(2s) 

+| cos(2r2) cos(2r3) cos(2r5) sinh(6z) sinh(2s) 
+ g cos(4r2) cos(2r3) cos(2rs) sinh(6z) sinh(2s) 
+3 cosh(2s) cosh(2 2;) cos(2ri) 
—9 cos(2ri) cos(2r3) sinh(2z) sinh(2s) 

— | cos(2ri) cos(2r3) sinh(6z) sinh(2s) 

+ 4 cos(2ri) cos(2r3) cos(2rs) sinh(6z) sinh(2s) 
+3 cosh(2s) cosh(2 2:) cos(2ri) cos(2r2) 

— | cosh(2s) cosh(6 2:) cos(2ri) cos(2r2) 

— | cosh(2s) cosh(6 2:) cos(2ri) cos(4r2) 

+ | cosh(2s) cosh(6 2:) cos(2ri) cos(2r2) cos(2rs) 
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+| cosh(2s) cosh(6z) cos(2ri) cos(4r2) cos(2r5) 

— 12 sin(2r3) sin(r2) sin(2ri) sinh(2z) sinh(2s) 

— | sin(2r3) sin(r2) sin(2ri) sinh(6z) sinh(2s) 
+ | sin(2r3) sin(3r2) sin(2ri) sinh(6z) sinh(2s) 
+3 cos(2ri) cos(2r2) cos(2r3) sinh(2z) sinh(2s) 
+| cos(2ri) cos(2r2) cos(2r3) sinh(6 2;) sinh(2s) 

— I cos(2ri) cos(4r2) cos(2r3) sinh(6z) sinh(2s) 

+ 4 cos(2r5) sin(2r3) sin(r2) sin(2ri) sinh(6z) sinh(2s) 

— \ cos(2r5) sin(2r3) sin(3r2) sin(2ri) sinh(6z) sinh(2s) 

— | cos(2ri) cos(2r2) cos(2r3) cos(2r5) sinh(6z) sinh(2s) 
+ g cos(2ri) cos(4r2) cos(2r3) cos(2r5) sinh(6z) sinh(2s) 
-|f cosh(2f) - || cosh(2t>) cos(2r 5 ) 

+ ^ cosh(2f) cos(4r3) 

+ ^ cosh(2w) cos(4r3) cos(2r5) — ^ cosh(2w) cos(2r2) 
+ ^ cosh(2f) cos(4r2) — cosh(2?;) cos(2r2) cos(2rs) 

cosh(2f) cos(4r2) cos(2r5) 
+jq cosh(2f) cos(2r2) cos(4r3) 
+^ cosh(2f) cos(4r2) cos(4r3) 
+ jq cosh(2w) cos(2r2) cos(4r3) cos(2r5) 
+^ cosh(2f) cos(4r2) cos(4r3) cos(2r5) 

— ja cosh(2f) cos(2ri) — ^ cosh(2t>) cos(2ri) cos(2rs) 

— cosh(2f) cos(2ri) cos(4r3) 

— cosh(2f) cos(2ri) cos(4r3) cos(2r5) 
+Tg cosh(2f) cos(2ri) cos(2r2) 

cosh(2f) cos(2ri) cos(4r2) 
+X cosh(2f) cos(2n) cos(2r2) cos(2r5) 
+ ^ cosh(2f) cos(2ri) cos(4r2) cos(2r5) 

— cosh(2v) sin(4r3) sin(r2) sin(2ri) 

— yg cosh(2f) sin(4r3) sin(3r2) sin(2ri) 

— cosh(2f) cos(2ri) cos(2r2) cos(4r3) 
cosh(2v) cos(2ri) cos(4r2) cos(4r3) 

— jq cosh(2f) cos(2r5) sin(4r3) sin(r2) sin(2ri) 

— cosh(2f) cos(2r5) sin(4r3) sin(3r2) sin(2ri) 

— cosh(2v) cos(2ri) cos(2r2) cos(4r3) cos(2r5) 
+^ cosh(2f) cos(2ri) cos(4r2) cos(4r3) cos(2rs) 

+3 cos(rs) sinh(4 2;) sinh(f) —9 cos(2r2) cos(rs) sinh(4 2:) sinh(f) 

—3 cos(2ri) cos(rs) sinh(4z) sinh(v) 

—3 cos(2ri) cos(2r2) cos(rs) sinh(4z) sinh(w) 

— cosh(2f) cosh(4s) — ^ cosh(2w) cosh(4s) cos(2rs) 

— ^ cosh(2f) cosh(4s) cos(4r3) 

— ^ cosh(2v) cosh(4s) cos(4r3) cos(2r5) 

— jq cosh(2w) cosh(4s) cos(2r2) 
+^ cosh(2f) cosh(4s) cos(4r2) 
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— jq cosh(2-u) cosh(4s) cos(2r2) cos(2r5) 
+M cosh (2?;) cosh(4s) cos(4r2) cos(2r5) 

— jq cosh(2v) cosh(4s) cos(2r2) cos(4r3) 

— ^ cosh(2i;) cosh(4s) cos(4r2) cos(4r3) 

— cosh(2-u) cosh(4s) cos(2r2) cos(4r3) cos(2rs) 

— ^ cosh(2w) cosh(4s) cos(4r2) cos(4r3) cos(2rs) 
+Jj cosh(2v) cosh(4s) cos(2ri) 

+ M cosh(2i;) cosh(4s) cos(2ri) cos(2r5) 

+M cosh(2i;) cosh(4s) cos(2n) cos(4r3) 

+ lg cosh(2-u) cosh(4s) cos(2ri) cos(4r3) cos(2r5) 

+jq cosh(2i;) cosh(4s) cos(2ri) cos(2r2) 

+ ^ cosh(2v) cosh(4s) cos(2ri) cos(4r2) 

+ jq cosh(2-u) cosh(4s) cos(2ri) cos(2r2) cos(2rs) 

+ ^ cosh(2-u) cosh(4s) cos(2ri) cos(4r2) cos(2r5) 

+ jg cosh(2v) cosh(4s) sin(4r3) sin(r2) sin(2ri) 

+ jq cosh(2v) cosh(4s) sin(4r3) sin(3r2) sin(2ri) 

+jq cosh(2v) cosh(4s) cos(2ri) cos(2r2) cos(4r3) 

— ^ cosh(2-u) cosh(4s) cos(2ri) cos(4r2) cos(4r3) 

+ jq cosh(2-u) cosh(4s) cos(2r5) sin(4r3) sin(r2) sin(2ri) 
+ jq cosh(2v) cosh(4s) cos(2r5) sin(4r3) sin(3r2) sin(2ri) 
+jq cosh(2v) cosh(4s) cos(2ri) cos(2r2) cos(4r3) cos(2rs) 

— i cosh(2-u) cosh(4s) cos(2ri) cos(4r2) cos(4r3) cos(2rs) 

— -g cosh(2w) cosh(2s) cosh(6z) 

+3 cosh(2s) cos(rs) sinh(2z) sinh(v) 

— \ cosh(2f) cosh(2s) cosh(6z) cos(2rs) 

—9 cosh(2z) cos(2r3) cos(rs) sinh(2s) sinh(t;) 
+| cosh(2f) cosh(2s) cosh(6z) cos(2r2) 

— g cosh(2w) cosh(2s) cosh(6z) cos(4r2) 

—9 cosh(2s) cos(2r2) cos(r5) sinh(2z) sinh(w) 
+| cosh(2w) cosh(2s) cosh(6z) cos(2r2) cos(2rs) 

— | cosh(2w) cosh(2s) cosh(6z) cos(4r2) cos(2rs) 

— g cosh(2w) cos(2r2) cos(2r3) sinh(6z) sinh(2s) 

— | cosh(2w) cos(4r2) cos(2r3) sinh(6z) sinh(2s) 

—9 cosh(2z) cos(2r2) cos(2r3) cos(rs) sinh(2s) sinh(v) 

— | cosh(2f) cos(2r2) cos(2r3) cos(2r5) sinh(6z) sinh(2s) 

— g cosh(2f) cos(4r2) cos(2r3) cos(2r5) sinh(6z) sinh(2s) 
—3 cosh(2s) cos(2ri) cos(rs) sinh(2z) sinh(w) 

— j cosh(2f) cos(2ri) cos(2r3) sinh(6z) sinh(2s) 

+9 cosh(2z) cos(2ri) cos(2r3) cos(rs) sinh(2s) sinh(v) 

— \ cosh(2f) cos(2ri) cos(2r3) cos(2r5) smh(6z) sinh(2s) 

— g cosh(2f) cosh(2s) cosh(6z) cos(2ri) cos(2r2) 

— g cosh(2f) cosh(2s) cosh(6z) cos(2ri) cos(4r2) 

—3 cosh(2s) cos(2ri) cos(2r2) cos(rs) sinh(2z) smh(v) 



92 



APPENDIX A. POTENTIALS 



— i cosh(2u) cosh(2s) cosh(6z) cos(2ri) cos(2r2) cos(2rs) 

— g cosh(2t>) cosh(2s) cosh(6z) cos(2ri) cos(4r2) cos(2rs) 

— j cosh(2u) sin(2r3) sin(r2) sin(2ri) sinh(6z) sinh(2s) 
+ \ cosh(2t>) sin(2r3) sin(3r2) sin(2ri) sinh(6z) sinh(2s) 
+ | cosh(2w) cos(2ri) cos(2r2) cos(2r3) sinh(6z) sinh(2s) 

— g cosh(2u) cos(2ri) cos(4r2) cos(2r3) sinh(6z) sinh(2s) 

+ 12 cosh(2z) cos(rs) sin(2r3) sin(r2) sin(2ri) sinh(2s) sinh(v) 
—3 cosh(2z) cos(2ri) cos(2r2) cos(2r3) cos(rs) sinh(2s) sinh(w) 

— \ cosh(2u) cos(2rs) sin(2r3) sin(r2) sin(2n) sinh(6z) sinh(2s) 
+ | cosh(2u) cos(2r5) sin(2r3) sin(3r2) sin(2ri) sinh(6z) sinh(2s) 
+| cosh(2t>) cos(2ri) cos(2r2) cos(2r3) cos(2r5) sinh(6z) sinh(2s) 

— g cosh(2u) cos(2ri) cos(4r2) cos(2r 3 ) cos(2rs) sinh(6z) sinh(2s). 

A. 2 The (50(5) x S0(2)) diag invariant subman- 
ifold 

For the gauge group 50(5, 3) x 5*0(5, 3), the potential corresponding to the 
parametrization (3.15) reads: 

-Sg~ 2 V= 

23-5 cosh(^ v) - f cosh(| v + 4 z) + ^ cosh(| v - 4 z) 
-f cosh(| v + Az) + | cosh(2i; - Az) — | cosh(4t> + Az) 
+| cosh(| v + 4 z) cos(2 r2) + ^ cosh(| v — 4 z) cos(2 r^) 

— | cosh(| v + 4 z) cos(2 r%) — \ cosh(2 v — 4 z) cos(2 r2) 
-I cosh(4f + 4z) cos(2r 2 ) + § cosh(| v + 4z) cos(2ri) 
+ ^ cosh(|t>-4z) cos(2ri) - | cosh(§i; + 4z) cos(2ri) 

— \ cosh(2f — Az) cos(2ri) — | cosh(4i; + Az) cos(2ri) 
+| cosh(|f + Az) cos(2ri) cos(2r2) 

+^ cosh(| v — Az) cos(2ri) cos(2r2) 

— I cosh(|f + Az) cos(2ri) cos(2r2) 

— | cosh(2f — Az) cos(2ri) cos(2r2) — | cosh(4w + Az) cos(2ri) cos(2r2) 
-f cosh(| v - 2 z) cosh(2 s) + f cosh(| v + 2 z) cosh(2 s) 

cosh(| w - 2 z) cosh(2 s) + | cosh(2 v + 2z) cosh(2 s) 
-| cosh(4t> - 2z) cosh(2s) + | cos(2r 3 ) sinh(2s) sinh(| v - 2 z) 
-j- cos(2 r 3 ) sinh(2 s) sinh(| v + 2 z) 

— 4 cos(2 r 3 ) sinh(2 s) sinh(| v — 2 z) 

+ | cos(2 r 3 ) sinh(2 s) sinh(2 v + 2 z) - \ cos(2 r 3 ) sinh(2 s) sinh(4 v - 2 z) 

— | cosh(|f — 2z) cosh(2s) cos(2r2) 
-j- cosh(|v + 2z) cosh(2s) cos(2r 2 ) 
+f cosh(| v - 2 z) cosh(2 s) cos(2 r 2 ) 

+i cosh(2 f + 2 z) cosh(2 s) cos(2 r 2 ) + | cosh(4 u - 2 z) cosh(2 s) cos(2 r 2 ) 
+ | cos(2r 2 ) cos(2r 3 ) sinh(2s) sinh(| t> — 2z) 
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cos(2r 2 ) cos(2r 3 ) sinh(2s) sinh(|w + 2z) 

— | cos(2r2) cos(2r3) sinh(2s) sinh(|w — 2 z) 
+ ^ cos(2r2) cos(2r3) sinh(2s) sinh(2 -u + 2 z) 

— | cos(2r2) cos(2r3) sinh(2s) sinh(4v — 2z) 

— § cosh(|u — 2z) cosh(2s) cos(2ri) 

cosh(|t> + 2z) cosh(2s) cos(2ri) 
+ | cosh(|t>-2z) cosh(2s) cos(2ri) 

+ 2 cosh(2w + 2z) cosh(2s) cos(2ri) + | cosh(4w — 2 z) cosh(2s) cos(2ri) 
-y cos(2ri) cos(2r 3 ) sinh(2s) sinh(§ v - 2 z) 
+ ^ cos(2ri) cos(2r3) sinh(2s) sinh(|v + 2z) 
+ ^ cos(2ri) cos(2r3) sinh(2s) sinh(|t; — 2 z) 

— | cos(2ri) cos(2r3) sinh(2s) sinh(2t; + 2z) 
+| cos(2ri) cos(2r 3 ) sinh(2s) sinh(4u -2z) 

— | cosh(|u — 2z) cosh(2s) cos(2ri) cos(2r2) 

— -g- cosh(| i> + 2 z) cosh(2s) cos(2ri) cos(2r2) 
+| cosh(|t> — 2z) cosh(2s) cos(2ri) cos(2r2) 
+ | cosh(2u + 2 2;) cosh(2s) cos(2ri) cos(2r2) 
+| cosh(4v — 2z) cosh(2s) cos(2ri) cos(2r2) 

— 10 sin(2r3) sin(r2) sin(2ri) smh(2s) sinh(| f — 2 z) 
+ ^ sin(2r3) sin(r2) sin(2ri) sinh(2s) sinh(| f + 2z) 
+5 sin(2r3) sin(r2) sin(2ri) sinh(2s) sinh(| v — 2 z) 
—2 sin(2r3) sin(r2) sin(2ri) sinh(2s) sinh(2 1> + 2 z) 
+ | sin(2r3) sin(r2) sin(2ri) sinh(2s) sinh(4t> — 2z) 
+| cos(2ri) cos(2r2) cos(2r3) sinh(2s) sinh(| v — 2 z) 

— ^ cos(2ri) cos(2r2) cos(2r3) sinh(2s) sinh(|v + 2z) 

— j cos(2n) cos(2r2) cos(2r3) sinh(2s) sinh(| v — 2 z) 
+ i cos(2ri) cos(2r2) cos(2r3) sinh(2s) sinh(2t> + 2z) 

— g cos(2ri) cos(2r2) cos(2r3) sinh(2s) sinh(4t> — 2z). 



We skip the case of 5*0(6, 2) x 50(6, 2) gauging, since with this parametriza- 
tion, 5*0(6) would be implemented on the spinor indices 1,2,3,4,5,8, and 
this relabelling is a bit inconvenient. If we use this parametrization with the 
50(7, 1) x 50(7, 1) gauging, we get: 

-8g~ 2 V= 

23-5 cosh(^ v) + f cosh(| v + 4 z) 
+^ cosh(| v - 4 z) - | cosh(| v + 4 z) 
- 1 cosh(2 v - 4 z) - \ cosh(4 v + 4 z) 

— | cosh(| t> + 4 z) cos(2r2) 
+f cosh(|v-4z) cos(2r 2 ) 

-| cosh(| d + 4z) cos(2r 2 ) + \ cosh(2 u - 4z) cos(2r 2 ) 

— g cosh(4t; + 4z) cos(2r2) — | cosh(| v + 4z) cos(2ri) 
+^ cosh(§i>-4z) cos(2ri) - | cosh(§ t> + 4z) cos(2ri) 
+ 2 1 cosh(2u — 4z) cos(2ri) — | cosh(4t> + 4z) cos(2ri) 
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— | cosh(|f + 4z) cos(2ri) cos(2r2) 
+^ cosh(|t> — 4z) cos(2ri) cos(2r2) 

— | cosh(|f + 4z) cos(2ri) cos(2r2) 

+\ cosh(2f — 4z) cos(2ri) cos(2r2) — | cosh(4u + 4z) cos(2ri) cos(2r2) 
+^ cosh(| v - 2 z) cosh(2 s) + f cosh(| v + 2z) cosh(2 s) 

cosh(| v - 2z) cosh(2s) - § cosh(2u + 2z) cosh(2s) 
-| cosh(4t>-2z) cosh(2s)-| cos(2r 3 ) sinh(2s) sinh(| v - 2 z) 
-f cos(2r 3 ) sinh(2s) sinh(fi> + 2z) 
-| cos(2r 3 ) sinh(2s) sinh(ft;-2z) 

-i cos(2r 3 ) sinh(2s) sinh(2 v + 2 z) - \ cos(2r 3 ) sinh(2s) sinh(4w-2z) 
+| cosh(|f — 2z) cosh(2s) cos(2r2) 
cosh(|u + 2z) cosh(2s) cos(2r 2 ) 
+| cosh(|t> - 2z) cosh(2s) cos(2r 2 ) 

— \ cosh(2f + 2z) cosh(2s) cos(2r2) + | cosh(4f — 2 z) cosh(2s) cos(2r2) 

— 2 cos(2r2) cos(2r 3 ) sinh(2s) sinh(|t> — 2z) 

cos(2r 2 ) cos(2r 3 ) sinh(2s) sinh(| v + 2 z) 
-f cos(2 r 2 ) cos(2 r 3 ) sinh(2 s) sinh(| v - 2 z) 

— \ cos(2r2) cos(2r 3 ) sinh(2s) sinh(2i> + 2z) 

— g cos(2r2) cos(2r 3 ) sinh(2s) sinh(4-u — 2z) 
+| cosh(|f — 2z) cosh(2s) cos(2ri) 

cosh(|t> + 2z) cosh(2s) cos(2ri) 
+f cosh(| f — 2 z) cosh(2 s) cos(2 r\) 

— | cosh(2f + 2z) cosh(2s) cos(2ri) + | cosh(4i; — 2z) cosh(2s) cos(2ri) 
+ 4^ cos(2ri) cos(2r 3 ) sinh(2s) sinh(|t; — 2z) 

+ ^ cos(2ri) cos(2r 3 ) sinh(2s) sinh(|v + 2z) 
+ ^ cos(2ri) cos(2r 3 ) sinh(2s) sinh(|v — 2z) 
+| cos(2ri) cos(2r 3 ) sinh(2s) smh(2v + 2z) 
+ g cos(2n) cos(2r 3 ) sinh(2s) sinh(4w — 2z) 
+| cosh(|f — 2z) cosh(2s) cos(2ri) cos(2r2) 

— ^ cosh(|u + 2z) cosh(2s) cos(2ri) cos(2r2) 
+| cosh(|f — 2z) cosh(2s) cos(2ri) cos(2r2) 

— 2 cosh(2w + 2z) cosh(2s) cos(2ri) cos(2r2) 
+| cosh(4f — 2z) cosh(2s) cos(2ri) cos(2r2) 

+10 sin(2r 3 ) sin(r2) sin(2ri) sinh(2s) sinh(|v — 2z) 
+ sin(2r 3 ) sin(r2) sin(2n) sinh(2s) sinh(gt> + 2z) 
+5 sin(2r 3 ) sin(r2) sin(2ri) sinh(2s) sinh(|w — 2z) 
+2 sin(2r 3 ) sin(r2) sin(2ri) sinh(2s) sinh(2-u + 2 z) 
+i sin(2r 3 ) sin(r2) sin(2ri) sinh(2s) sinh(4u — 2z) 

— 2 cos (2 7"i ) cos(2r2) cos(2r 3 ) sinh(2s) sinh(|t> — 2z) 

— ^ cos(2ri) cos(2r2) cos(2r 3 ) sinh(2s) sinh(|i; + 2z) 

— j cos(2ri) cos(2r2) cos(2r 3 ) sinh(2s) sinh(|t> — 2z) 

— \ cos(2ri) cos(2r2) cos(2r 3 ) sinh(2s) sinh(2w + 2z) 

— | cos(2ri) cos(2r2) cos(2r 3 ) sinh(2s) sinh(4w — 2z). 
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Finally, for the compact gauge group 5*0(8) x 5*0 (8), the potential reads: 
-8g- 2 V= 

23 + 5 cosh(^ v) + ^ cosh(| v + 4 z) 

+ ^ cosh(§t> - 4z) + § cosh(|v + Az) + § cosh(2t> - 4z) - | cosh(4-u + Az) 
-| cosh(|t; + 4z) cos(2r 2 ) + ^ cosh(|w -4z) cos(2r 2 ) 
+| cosh(| v + 4 z) cos(2 r 2 ) — \ cosh(2 v — 4 z) cos(2 r 2 ) 

— | cosh(4t> + Az) cos(2r 2 ) - | cosh(| v + 4z) cos(2ri) 
+-^ cosh(| v — Az) cos(2 n) + f cosh(| w + 4z) cos(2 n) 

— i cosh(2 v — 4z) cos(2ri) — | cosh(4f + 4z) cos(2ri) 

— | cosh(| w + 4 z) cos(2 n) cos(2 r 2 ) + ^ cosh(| v — Az) cos(2 n) cos(2 r 2 ) 
+| cosh(| v + 4 z) cos(2 n) cos(2 r 2 ) - | cosh(2 v — Az) cos(2 n) cos(2 r 2 ) 
-I cosh(4t> + Az) cos(2ri) cos(2r 2 ) + lr cosh(|w - 2z) cosh(2s) 

+^f cosh(f v + 2z) cosh(2 s) + ^ cosh(| u-2z) cosh(2 s) 

+ § cosh(2t> + 2z) cosh(2s) - § cosh(4t> -2z) cosh(2s) 

-§ cos(2 r 3 ) sinh(2 s) sinh(§ i;-2z)-f cos(2 r 3 ) sinh(2 s) sinh(f u + 2z) 

+| cos(2r 3 ) sinh(2s) sinh(| v - 2 z) 

+ i cos(2 r 3 ) sinh(2 s) sinh(2 v + 2 z) — | cos(2 r 3 ) sinh(2 s) sinh(4 v — 2 z) 
+| cosh(| i> — 2 z) cosh(2 s) cos(2 r 2 ) — ^ cosh(| u + 2 z) cosh(2 s) cos(2 r 2 ) 

— | cosh(gW — 2z) cosh(2s) cos(2r 2 ) 

+| cosh(2w + 2z) cosh(2s) cos(2r 2 ) + | cosh(4w - 2z) cosh(2s) cos(2r 2 ) 

— | cos(2r 2 ) cos(2r 3 ) sinh(2s) sinh(|v — 2z) 
— cos(2r 2 ) cos(2r 3 ) sinh(2s) sinh(| u + 2z) 
+ f cos(2 r 2 ) cos(2 r 3 ) sinh(2 s) sinh(| v — 2 z) 
+ i cos(2r 2 ) cos(2r 3 ) sinh(2s) sinh(2 1> + 2 z) 

— g cos(2r 2 ) cos(2r 3 ) sinh(2s) sinh(4t> — 2z) 
+ | cosh(| v — 2 z) cosh(2s) cos(2ri) 

-j- cosh(|w + 2z) cosh(2s) cos(2ri) 
-| cosh(|t;-2z) cosh(2s) cos(2n) 

+| cosh(2t> + 2z) cosh(2s) cos(2ri) + | cosh(4 1> — 2 z) cosh(2s) cos(2ri) 

cos(2ri) cos(2r 3 ) sinh(2s) sinh(| u — 2 z) 
+ ^ cos(2ri) cos(2r 3 ) sinh(2s) sinh(g u + 2z) 

— ^ cos(2ri) cos(2r 3 ) sinh(2s) sinh(| t> — 2 z) 

— | cos(2ri) cos(2r 3 ) sinh(2s) sinh(2w + 2z) 
+ g cos(2ri) cos(2r 3 ) sinh(2s) sinh(4t> — 2z) 
+| cosh(|u — 2z) cosh(2s) cos(2ri) cos(2r 2 ) 
— -g^ cosh(|f + 2z) cosh(2s) cos(2ri) cos(2r 2 ) 

— | cosh(| t; — 2 z) cosh(2s) cos(2ri) cos(2r 2 ) 
+ 2 cosh(2 1> + 2 z) cosh(2s) cos(2ri) cos(2r 2 ) 
+| cosh(4 1> — 2 z) cosh(2s) cos(2ri) cos(2r 2 ) 

+10 sin(2r 3 ) sin(r 2 ) sin(2ri) sinh(2s) sinh(|u — 2z) 
+ ^ sin(2r 3 ) sin(r 2 ) sin(2ri) sinh(2s) sinh(gV + 2z) 
—5 sin(2r 3 ) sin(r 2 ) sin(2ri) sinh(2s) sinh(| t> — 2z) 
—2 sin(2r 3 ) sin(r 2 ) sin(2ri) sinh(2s) sinh(2v + 2z) 
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+| sin(2r3) sin(r2) sin(2ri) sinh(2s) sinh(4t> — 2 z) 

— | cos(2n) cos(2r2) cos(2r3) sinh(2s) sinh(|w — 2 z) 

— cos(2ri) cos(2r2) cos(2r3) sinh(2s) sinh(| i; + 2 z) 
+| cos(2ri) cos(2r2) cos(2r3) sinh(2s) sinh(|w — 2 z) 
+ | cos(2ri) cos(2r2) cos(2r3) sinh(2s) smh.(2v + 2z) 

— g cos(2ri) cos(2r2) cos(2r3) sinh(2s) sinh(4i; — 2z) 



A.3 The 577(3) x SU(3) invariant submanifold 

The parametrization (4.18) yields for the G 2 (-u) x -^4(-2o) gauged model the 
following potential: 

-8g~ 2 V= 

W + 2MS cos(8r 5 ) + cos(8r 2 ) + ^| sin(4r 5 ) sin(4r 2 ) 
~2Si8 cos ( 8r 2) cos(8r 5 ) - ^ cos(4r 2 ) cos(4r 3 - 4r 6 ) cos(4r 5 ) 
_ 20l8 cos ( 8r i - 8r 4 ) - cos(8n - 8r 4 ) cos(8r 5 ) 

— jJj cos(4ri — 4r 4 ) cos(4r3 — + sin(4r5) sin(4r3 — 4 re) sin(4ri — 4r 4 ) 

— cos(8r 4 — 8r 4 ) cos(8r2) — ^ cos(4ri — 4r 4 ) sin(8r5) sin(8r2) 
cos(4ri — 4r 4 ) cos(4r 2 ) cos(4r 5 ) — cos(8ri — 8r 4 ) cos(8r 2 ) cos(8r 5 ) 

+ ^ sin(4r3 — sin(4r2) sin(4ri — 4r 4 ) 

— ^ cos(4r 4 — 4r 4 ) cos(4r3 — 4r§) sin(4r5) sin(4r2) + ||| cosh(z) 

— 2ps cosh(2z) — cosh(z) cos(8r 5 ) + cosh(2z) cos(8r 5 ) 

— gj2 cosh(z) cos(8r 2 ) + cos h(2z) cos(8r 2 ) 

— 32 cosh(z) sin(4r5) sin(4r2) + j^g- cosh(2z) sin(4rs) sin(4r2) 

+ 5Y2 cosh(z) cos(8r2) cos(8rs) — T^jjg cosh(2z) cos(8r2) cos(8r5) 

+ ^ cosh(2z) cos(4r2) cos(4r3 — 4r$) cos(4rs) + ^2 cosh(z) cos(8ri — 8r 4 ) 

— 2^g cosh(2z) cos(8r 4 — 8r 4 ) + ^ cosh(z) cos(8ri — 8r 4 ) cos(8r5) 

— 20I8 cos h(2z) cos(8r 4 — 8r 4 ) cos(8rs) + ^ cosh(2z) cos(4ri — 4r 4 ) cos(4r3 — 4 

— cosh(2z) sin(4r5) sin(4r3 — 4r$) sin(4ri — 4r 4 ) 

+ 5Y2 cosh(z) cos(8ri — 8r 4 ) cos(8r2) — cos h(2.z) cos(8ri — 8r 4 ) cos(8r2) 
+j|g cosh(z) cos(4ri — 4r 4 ) sin(8rs) sin(8r2) 

— 5I2 cos h(2z) cos(4ri — 4r 4 ) sin(8r5) sin(8r2) 
— 1| cosh(z) cos(4ri — 4r 4 ) cos(4r2) cos(4r5) 
+ 5Y2 cosh(z) cos(8ri — 8r 4 ) cos(8r2) cos(8rs) 
+j|g cosh(2z) cos(4ri — 4r 4 ) cos(4r2) cos(4r5) 
~~ 20IS cos h(2z) cos(8r 4 — 8r 4 ) cos(8r2) cos(8rs) 
~M cosh(2z) sin(4r3 — 4r$) sin(4r2) sin(4ri — 4r 4 ) 

+ Jr cosh(2z) cos(4r 4 — 4r 4 ) cos(4r3 — 4r$) sin(4r5) sin(4r2) 

+ff§ cosh(s) — 2§fg- cosh(2s) — ^ cosh(s) cos(8r 5 ) 

+ 2538 cos l 1 (2 s) cos(8r5) — cosh(s) cos(8r2) 

+ 27H8 cos t L (2 s) cos(8r2) — g| cosh(s) sin(4r5) sin(4r2) 

+ jku cosh(2s) sin(4r5) sin(4r2) + ^ cosh(s) cos(8r2) cos(8r5) 

— 2048 cos h(2s) cos(8r2) cos(8r5) + ^ cosh(2s) cos(4r2) cos(4r3 — Ar%) cos(4rs) 



A.3. THE SU(3) x SU(3) INVARIANT SUBMANIFOLD 



97 



+ 5T2 cos M s ) cos(8ri — 8r4) — cosh(2s) cos(8ri — 8r4) 

+ 5T2 cos h(s) cos(8ri — 8r4) cos(8rs) — cosh(2s) cos(8ri — 8r4) cos(8rs) 

+ ■^1 cosh(2s) cos(4ri — ^r^) cos(4r3 — 4r§) 

~M cosh(2s) sin(4r5) sin(4r3 — 4r§) sin(4ri — 4r4) 

+ 5T2 cos h(s) cos(8ri — 8r4) cos(8r2) — cosh(2s) cos(8ri — 8r4) cos(8r2) 
+ 12$ cosh(s) cos(4ri — 4r4) sin(8r5) sin(8r2) 

— 5T2 cos t L (2s) cos(4ri — 4r4) sin(8r5) sin(8r2) 

— 32 cosh(s) cos(4ri — 4r4) cos(4r2) cos(4r5) 
+ 5T2 cos M s ) cos(8ri — 8r4) cos(8r2) cos(8rs) 
+ cosh(2s) cos(4ri — 4r4) cos(4r2) cos(4rs) 
~2MS cos h(2s) cos(8ri — 8r4) cos(8r2) cos(8rs) 

— ^ cosh(2s) sin(4r3 — 4r§) sin(4r2) sin(4ri — 4r4) 

+ cosh(2s) cos(4ri — 4r4) cos(4r3 — 4r§) sin(4r5) sin(4r2) 

+ 111 cosh(s) cosh(z) — cosh(s) cosh(2z) 

~~ 5T2 cos t L (2s) cosh(z) — cosh(2s) cosh(2z) 

+ cos h(s) cosh(z) cos(8rs) — ^ cosh(s) cosh(2z) cos(8r5) 

— 5T2 cos t L (2s) cosh(z) cos(8rs) + cosh(2s) cosh(2z) cos(8r5) 
+jig cosh(s) cosh(z) cos(8r2) — cosh(s) cosh(2 2:) cos(8r2) 

— 512 cosh(2 s) cosh(z) cos(8r2) + T^jg cosh(2s) cosh(2z) cos(8r2) 

+ | cosh(s) cosh(z) sin(4r5) sin(4r2) + ^ cosh(s) cosh(2z) sin(4r5) sin(4r2) 
+ cosh(2s) cosh(z) sin(4r5) sin(4r2) 

"lis cos l 1 (2 s) cosh(2z) sin(4r5) sin(4r2) — j|g cosh(s) cosh(z) cos(8r2) cos(8rs) 
+ 5T2 cos M s ) cosh(2z) cos(8r2) cos(8rs) + ^ cosh(2s) cosh(z) cos(8r2) cos(8rs) 

— 2M8 cos l 1 (2s) cosh(2z) cos(8r2) cos(8rs) 

— ^3 cosh(2s) cosh(2z) cos(4r2) cos(4r3 — 4r$) cos{4r^) 

~ 128 cos h(s) cosh(2;) cos(8ri — 8r4) + ^ cosh(s) cosh(2z) cos(8ri — 8r4) 
+ 5T2 cos t L (2s) cosh(z) cos(8ri — 8r4) — ^g cosh(2s) cosh(2z) cos(8ri — 8r4) 

— T28 cos M s ) cosh(2;) cos(8ri — 8r4) cos(8rs) 
+ 5T2 cos M s ) cosh(2 2;) cos(8ri — 8r4) cos(8rs) 
+ 5T2 cosh(2 s) cosh(z) cos(8ri — 8r4) cos(8rs) 

— 2M8 cos h(2s) cosh(2z) cos(8ri — 8r4) cos(8r5) 

— ^ cosh(2s) cosh(2z) cos(4ri — 4r4) cos(4r3 — 4rg) 

+i cosh(2s) cosh(2z) sin(4r5) sin(4r3 — 4tq) sin(4ri — 4r^) 
~ I28 cos M s ) cosh(2;) cos(8ri — 8r4) cos(8r2) 
+ gj2 cosh(s) cosh(2 2;) cos(8ri — 8r4) cos(8r2) 
+ 5T2 cos h(2s) cosh(z) cos(8ri — 8r4) cos(8r2) 

— 25jg cosh(2s) cosh(2z) cos(8ri — 8r4) cos(8r2) 

— ^2 cosh(s) cosh(2;) cos(4ri — 4r4) sin(8r5) sin(8r2) 

+ Y28 cosh(s) cosh(2z) cos(4ri — 4r4) sin(8r5) sin(8r2) 
+ jig cosh(2s) cosh(z) cos(4ri — 4r4) sin(8r5) sin(8r2) 

— 512 cosh(2 s) cosh(2z) cos(4ri — 4r4) sin(8r5) sin(8r2) 
+ | cosh(s) cosh(z) cos(4ri — 4r4) cos(4r2) cos(4r5) 
~TZg cos M s ) cosh(z) cos(8ri — 8r4) cos(8r2) cos(8r5) 
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+7^2 cosh(s) cosh(2z) cos(4ri — Ar^) cos(4r2) cos(4r5) 
+ 5^2 cosh(s) cosh(2 2;) cos(8ri — Sr^) cos(8r2) cos(8r5) 
+^ cosh(2s) cosh(z) cos(4ri — 4r4) cos(4r2) cos(4r5) 
+ 5T2 cosh(2s) cosh(z) cos(8ri — & rt±) cos(8r2) cos(8r5) 

— j|g cosh(2s) cosh(2z) cos(4ri — \ta) cos(4r2) cos(4r5) 

— 2548 cosh(2 s) cosh(2z) cos(8ri — 8r^ cos(8r2) cos(8rs) 
+^ cosh(2s) cosh(2 2:) sin(4r3 —4 re) sin(4r2) sin(4ri — 4r4) 

+ p sin(2r3 — 2r§) sin(2r2 — 6rs) sin(2ri — Ita) sinh(z) sinh(s) 
+ i§p sin(2r3 — 2r§) sin(2r2 + 2r? ) ) sin(2ri — 2ri) sinh(z) sinh(s) 

— Qg sin(2r3 — 2r§) sin(6r2 — 2rs) sin(2ri — 2r^) sinh(z) sinh(s) 
+ sin(2r3 — 2rg) sin(6r2 + 6rs) sin(2ri — 2r^) sinh(z) sinh(s) 
+ ^ sin(2r3 — 2r§) sin(2r2 — 6rs) sin(6ri — &r^) sinh(z) sinh(s) 
+ ^ sin(2r3 — 2r§) sin(2r2 + 2rs) sin(6ri — §r^) sinh(z) sinh(s) 

— ^l sin(2r3 — 2r§) sin(6r2 — 2rs) sin(6ri — Qr^) sinh(z) sinh(s) 

— sin(2r3 — 2r§) sin(6r2 + 6rs) sin(6ri — 6r^) sinh(z) sinh(s) 

— jig sin(2r3 — 2r§) sin(2r2 — 6rs) sin(2ri — 2r^) sinh(2z) sinh(s) 

— j|g sin(2r3 — 2r§) sin(2r2 + 2r$) sin(2ri — 2r±) sinh(2z) sinh(s) 
+ yig sin(2r3 — 2r§) sin(6r2 — 2r^) sin(2ri — 2r^) sinh(2z) sinh(s) 

— Y28 sin(2r3 — 2r^) sin(6r2 + 6r5) sin(2ri — 2ri) sinh(2z) sinh(s) 

— Y^g sin(2r3 — 2r§) sin(2r2 — 6r§) sin(6ri — Qr^) sinh(2z) sinh(s) 

— Y^g sin(2r3 — 2r$) sin(2r2 + 2rs) sin(6ri — Qr^) sinh(2z) sinh(s) 
+ yig sin(2r3 — 2r§) sin(6r2 — 2rs) sin(6ri — 6r^) sinh(2z) sinh(s) 
+ Y2g sin(2r3 — 2r§) sin(6r2 + 6rs) sin(6ri — 6r±) sinh(2z) sinh(s) 

— Y^g sin(2r3 — 2r§) sin(2r2 — 6rs) sin(2ri — 2r^) sinhfz) sinh(2s) 

— j|g sin(2r3 — 2r§) sin(2r2 + 2r5) sin(2ri — 2r±) sinh(z) sinh(2s) 
+ Y28 sin(2r3 — 2r§) sin(6r2 — 2rs) sin(2ri — 2r$) sinh(z) sinh(2s) 

— jig sin(2 r3 — 2 tq) sin(6 r2 + 6 r§) sin(2 r\ — 2 r±) sinh(z) sinh(2 s) 

— Y28 sin(2 r3 — 2 r%) sin(2 r2 — 6 rs) sin(6 ri — 6 r&) sinh(z) sinh(2 s) 

— Y^g sin(2r3 — 2^) sin(2r2 + 2r§) sin(6ri — Qr±) sinh(z) sinh(2s) 
+ Y^g sin(2r3 — 2r§) sin(6r2 — 2rs) sin(6ri — Qr^) sinhfz) sinh(2s) 
+ jig sin(2 r% — 2 r§) sin(6 r2 + 6 r$) sin(6 n — 6 r±) sinh(z) sinh(2 s) 
+ 25g sin(2r3 — 2r§) sin(2r2 — 6rs) sin(2ri — 2r^) smh{2z) sinh(2s 

— 2% sin(2r3 — 2r%) sin(2r2 + 2rs) sin(2ri — 2r±) sinh(2z) sinh(2s 

— 2gg sin(2r3 — 2r§) sin(6r2 — 2rs) sin(2ri — 2r^) sinh(2z) sinh(2s 
+ gig sin(2 r3 — 2 re) sin(6 r2 + 6 rs) sin(2 n — 2 r4) sinh(2 sinh(2 s 
+ 25g sin(2r3 — 2re) sin(2r2 — 6rs) sin(6ri — Qr^) sinh(2z) sinh(2s 
+ i sin(2 r3 — 2 rg) sin(2 r<i + 2 rs) sin(6 ri — 6 7*4) sinh(2 z) sinh(2 s 

— 2gg sin(2r3 — 2r§) sin(6r2 — 2r^) sin(6ri — Qr^) sinh(2z) sinh(2s 

— 2gg sin(2 r3 — 2 re) sin(6 r2 + 6 rs) sin(6 r\ — 6 r4) sinh(2 z) sinh(2 s 

— cos(2ri — 2r4) cos(2r2 — 2r^) cos(2r3 — 2rg) sinh(z) sinh(s) 

— cos(2ri — 2r4) cos(2r2 + 6rs) cos(2r3 — 2r§) sinh(z) sinh(s) 
+ ^ cos(2ri — 2r4) cos(6r2 — 6rs) cos(2r3 — 2r§) sinh(z) sinh(s) 

— ^ cos(2ri — 2r4) cos(6r2 + 2r^) cos(2r3 — 2r§) sinh(z) sinh(s) 
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+± cos(6ri - 
+M cos(6ri - 
+±g cos(6ri - 
+ M cos(6ri - 
+lk cos(2n 
+ T28 cos(2n 
-its cos(2n 
+ T28 cos(2n 
-T58 cos(6n 

cos (6n 

~I25 cos(6n 
-j^g cos(6ri 
+T5S cos(2n 
+ cos(2ri 
- m cos(2ri 
+T§8 cos(2n 

"lis cos ( 6 n 

— jig cos(6ri 
-T28 cos(6n 
~m cos(6n 

+ 2I cos ( 2r i 
~2Fg cos(2ri 

+ 256 COs(2n 
-256 COs(2n 

+ 256 cos(6n 
+ 256 cos(6n 
+ 256 cos(6n 
+ 256 cos(6n 
~M cosh(2s) 



— 6 r±) cos(2 T2 — 2 r$) cos(2 r% — 2r§) 

— 6 r4) cos(2 r<i + 6 rs) cos(2 r3 — 2 re) 

— 6 ta) cos(6 r2 — 6 r§) cos(2 r3 — 2 tq) 

— 6 r4) cos(6 T2 + 2 rs) cos(2 r3 — 2 rg) 

— 2r4) cos(2r2 — 2r5) cos(2r3 — 2r§ 

— 2r$) cos(2 r2 + 6 r$) cos(2 r3 — 2 r6 

— 2r4) cos(6r2 — 6rs) cos(2r3 — 2r^ 

— 2r^) cos(6r2 + 2rs) cos(2r3 — 2r^ 

— 6 r±) cos(2 r2 — 2 rs) cos(2 r3 — 2 r6 

— 6 r4) cos(2 T2 + 6 rs) cos(2 T3 — 2 r6 

— 6 r4) cos(6 ri — 6 rs) cos(2 r3 — 2 r6 

— 6 r£) cos(6 r2 + 2 rs) cos(2 — 2 r§ 

— 2r±) cos(2r2 — 2r5) cos(2r3 — 2r§ 

— 2 r±) cos(2 T2 + 6 rs) cos(2 r3 — 2 r$ 

— 2r%) cos(6r2 — 6rs) cos(2r3 — 2rg 

— 2r4) cos(6r2 + 2rs) cos(2r3 — 2rg 

— 6 r±) cos(2 r2 — 2 rs) cos(2 — 2r^ 

— 6 r^) cos(2 r2 + 6 rs) cos(2 r3 — 2 rg 

— 6 r±) cos(6 r2 — 6 rs) cos(2 r?, — 2r§ 

— 6 r4) cos(6 r2 + 2 rs) cos(2 r3 — 2 rg 

— 2r4) cos(2r2 — 2rs) cos(2r3 — 2rg 

— 2 r£) cos(2 r2 + 6 rs) cos(2 r3 — 2 rg 

— 2r4) cos(6r2 — 6rs) cos(2r3 — 2rg 

— 2r4) cos(6r2 + 2rs) cos(2r3 — 2rg 

— 6 r±) cos(2 r2 — 2 rs) cos(2 r% — 2r$ 

— 6 va) cos(2 r2 + 6 rs) cos(2 r3 — 2 r6 

— 6 r^) cos(6 r2 — 6 rs) cos(2 — 2r^ 

— 6 r±) cos(6 r2 + 2 rs) cos(2 r3 — 2 r6 
cosh(2z) cos(4ri — 4r4) cos(4ra — 4 



sinh(z) sinh(s) 
sinh(z) sinh(s) 
sinh(z) sinh(s) 
sinh(z) sinh(s) 



sinh(2 z 
sinh(2 z 
sinh(2 z 
sinh(2 z 
sinh(2 z 
sinh(2 z 
sinh(2 z 
sinh(2 z 
sinh(z 
sinh(z 
sinh(z 
sinh(z 
sinh(z 
sinh(z 
sinh(z 
sinh(z 
sinh(2 z 
sinh(2 z 
sinh(2 z 
sinh(2 z 
sinh(2 z 
sinh(2 z 
sinh(2 z 
sinh(2 z 



) sinh(s 
:) sinh(s 
:) sinh(s 
:) sinh(s 
:) sinh(s 
:) sinh(s 
:) sinh(s 
:) sinh(s 
sinh(2 s 
sinh(2 s 
sinh(2 s 
sinh(2 s 
sinh(2 s 
sinh(2 s 
sinh(2 s 
sinh(2 s 
) sinh(2 s 
) sinh(2 s 
) sinh(2 s 
) sinh(2 s 
■ ) sinh(2 s 
) sinh(2 s 
) sinh(2 s 
■) sinh(2 s 



r% — 4vq) sin(4rs) sin(4r2) 



Using this parametrization with the embedding tensor of SO (8) x 5*0(8) 
gives: 

-8g- 2 V= 

W + H cos (8r 5 ) + 2§ cos(8r 4 ) + ^ cos(8r 4 ) cos(8r 5 ) 

+ 2^ cos(8r 2 ) - 2§g cos(8r 2 ) cos(8r 5 ) - ^fg cos(8r 2 ) cos(8r 4 ) 

— 2p cos(8r 2 ) cos(8r 4 ) cos(8r 5 ) + ^ cos(8ri) 

— 2§6 cos (8?*i) cos(8rs) — cos(8ri) cos(8r4) 

— 2§6 cos (8?*i) cos(8r4) cos(8rs) + ^ cos(8ri) cos(8r2) 

— 2§6 cos (8n) cos(8r2) cos(8rs) — ^fg- cos(8ri) cos(8r2) cos(8r4) 
+^ cos(4ri) cos(4r2) cos(4r4) cos(4rs) 

— 2§g cos (8n) cos(8r2) cos(8r4) cos(8rs) + cosh(2;) 
+Mi cosh(2z) — g| cosh(z) cos(8rs) + ^ cosh(2z) cos(8rs) 

— ^ cosh(z) cos(8r4) + ^ cosh(2z) cos(8r 4 ) 
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— g| cosh(z) cos(8r4) cos(8r5) + ^ cosh(2z) cos(8r4) cos(8r5) 

— M cos M z ) cos(8r2) — 2§g cosh(2z) cos(8r2) 

+ ^ cosh(z) cos(8r2) cos(8r5) — ^ig cosh(2z) cos(8r2) cos(8r5) 
+M cos M z ) cos(8r2) cos(8r4) — ^fg cosh(2z) cos(8r2) cos(8r4) 
+ cosh(z) cos(8r2) cos(8r4) cos(8rs) 

— 256 cos t L (2z) cos(8r2) cos(8r4) cos(8r5) — ^ cosh(z) cos(8ri) 

— 2§6 cosh(2z) cos(8ri) + ^ cosh(z) cos(8ri) cos(8r5) 

— 256 c osh(2z) cos(8ri) cos(8r5) + ^ cosh(z) cos(8ri) cos(8r4) 

— cosh(2z) cos(8ri) cos(8r4) 

+ g^ cosh(z) cos(8ri) cos(8r4) cos(8rs) 

— 2§6 cosh(2z) cos(8ri) cos(8r4) cos(8r5) 

— ^ cosh(z) cos(8ri) cos(8r2) — ^fg cosh(2z) cos(8ri) cos(8r2) 
+ M cos M z ) cos(8ri) cos(8r2) cos(8rs) 

— oig cosh(2z) cos(8ri) cos(8r2) cos(8r5) 
+ 64 cos M z ) cos(8ri) cos(8r2) cos(8r4) 

— 2§6 cosh(2z) cos(8ri) cos(8r2) cos(8r4) 

—6 cosh(z) cos(4ri) cos(4r2) cos(4r4) cos(4r5) 

cosh(z) cos(8ri) cos(8r2) cos(8r4) cos(8r5) 
+g cosh(2z) cos(4ri) cos(4r2) cos(4r4) cos(4rs) 

— cosh(2z) cos(8ri) cos(8r2) cos(8r4) cos(8rs) 
+ cosh(s) + cosh(2s) - cosh(s) cos(8r 5 ) 

— 2§6 cosh(2s) cos(8r5) — ^ cosh(s) cos(8r4) 

— 2§6 cos t L (2s) cos(8r4) — ^ cosh(s) cos(8r4) cos(8rs) 

— 2§6 cos l 1 (2s) cos(8r4) cos(8r5) — ^| cosh(s) cos(8r2) 
+ 2T§s cos l 1 (2s) cos(8r2) + ^ cosh(s) cos(8r2) cos(8rs) 

— 236 c osh(2 s) cos(8r2) cos(8r5) + ^ cosh(s) cos(8r2) cos(8r4) 

— 2§6 c osh(2s) cos(8r2) cos(8r4) 

+ 64 cos h(s) cos(8r2) cos(8r4) cos(8r5) 

— 2§6 cosh(2s) cos(8r2) cos(8r4) cos(8r5) 

— M cosh(s) cos(8ri) + ^ cosh(2s) cos(8ri) 

+^ cosh(s) cos(8ri) cos(8r5) — ^Ig cosh(2s) cos(8ri) cos(8rs) 
+ g^ cosh(s) cos(8ri) cos(8r4) — ^fg cosh(2s) cos(8ri) cos(8r4) 
+ ^ cosh(s) cos(8ri) cos(8r4) cos(8r5) 

— cos h(2s) cos(8ri) cos(8r4) cos(8r5) 

~M cosh(s) cos(8ri) cos(8r2) + ^ cosh(2s) cos(8ri) cos(8r2) 
+ g^ cosh(s) cos(8ri) cos(8r2) cos(8r5) 

— 2§g cosh(2s) cos(8ri) cos(8r2) cos(8r5) 
+ g^ cosh(s) cos(8ri) cos(8r2) cos(8r4) 

— 256 cos h(2s) cos(8ri) cos(8r2) cos(8r4) 

—6 cosh(s) cos(4ri) cos(4r2) cos(4r4) cos(4rs) 
+ M cos h(s) cos(8ri) cos(8r2) cos(8r4) cos(8r5) 
+| cosh(2s) cos(4ri) cos(4r2) cos(4r4) cos(4r5) 

— 2§6 cosh(2s) cos(8ri) cos(8r2) cos(8r4) cos(8rs) 
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+ cosh(s) cosh(z) — ^ cosh(s) cosh(2z) — ^ cosh(2s) cosh(z) 

— Ml cos h(2s) cosh(2z) + jq cosh(s) cosh(z) cos(8r5) 

— ^ cosh(s) cosh(2z) cos(8r5) + cosh(2s) cosh(z) cos(8r5) 

— 2^6 cos h(2s) cosh(2z) cos(8r5) + ^ cosh(s) cosh(z) cos(8r4) 

— ^ cosh(s) cosh(2z) cos(8r4) + ^ cosh(2s) cosh(z) cos(8r4) 

— 256 cos h(2s) cosh(2z) cos(8r4) 

+ y| cosh(s) cosh(z) cos(8r4) cos(8r5) 

— 64 cos h(s) cosh(2z) cos(8r4) cos(8rs) 
+M cos l 1 (2s) cosh(z) cos(8r4) cos(8rs) 

— 256 cos h(2s) cosh(2z) cos(8r4) cos(8r5) 

+ ^ cosh(s) cosh(z) cos(8r2) + ^ cosh(s) cosh(2z) cos(8r2) 

— ^ cosh(2s) cosh(z) cos(8r2, — ^ cosh(2s) cosh(2z) cos(8r2) 

— jq cosh(s) cosh(z) cos(8r2) cos(8rs) 
+^ cosh(s) cosh(2z) cos(8r2) cos(8r5) 
+Bi cosh(2 s) cosh(z) cos(8r2) cos(8rs) 

— 256 cos h(2s) cosh(2z) cos(8r2) cos(8rs) 

— cosh(s) cosh(z) cos(8r2) cos(8r4) 
+ ^ cosh(s) cosh(2z) cos(8r2) cos(8r4) 
+Bi cosh(2 s) cosh(z) cos(8r2) cos(8r4) 

— 256 cos h(2s) cosh(2z) cos(8r2) cos(8r4) 

— jq cosh(s) cosh(z) cos(8r2) cos(8r4) cos(8rs) 

cosh(s) cosh(2z) cos(8r2) cos(8r4) cos(8rs) 
+^ cosh(2s) cosh(z) cos(8r2) cos(8r4) cos(8rs) 

— 256 cos M2s) cosh(2z) cos(8r2) cos(8r4) cos(8rs) 

+ A cosh(s) cosh(z) cos(8ri) + ^ cosh(s) cosh(2z) cos(8ri) 

— ^ cosh(2s) cosh(z) cos(8ri) — ^ cosh(2s) cosh(2z) cos(8ri) 

— cosh(s) cosh(z) cos(8ri) cos(8rs) 
+ Bi cos h(s) cosh(2z) cos(8ri) cos(8rs) 
+^ cosh(2s) cosh(z) cos(8ri) cos(8rs) 

— 256 c °sh(2s) cosh(2z) cos(8ri) cos(8rs) 

— j£ cosh(s) cosh(z) cos(8ri) cos(8r4) 
+ ^ cosh(s) cosh(2z) cos(8ri) cos(8r4) 

cosh(2s) cosh(z) cos(8ri) cos(8r4) 

— 256 cos l 1 (2'S) cosh(2z) cos(8ri) cos(8r4) 

— j§ cosh(s) cosh(z) cos(8ri) cos(8r4) cos(8rs) 
+^ cosh(s) cosh(2z) cos(8ri) cos(8r4) cos(8rs) 
+61 cos h(2s) cosh(z) cos(8ri) cos(8r4) cos(8rs) 

— 236 cos M2s) cosh(2z) cos(8ri) cos(8r4) cos(8rs) 
+ Yg cosh(s) cosh(z) cos(8ri) cos(8r2) 

+^ cosh(s) cosh(2z) cos(8ri) cos(8r2) 
~M cos t L (2s) cosh(z) cos(8ri) cos(8r2) 

— 256 cos ' 1 (2s) cosh(2z) cos(8ri) cos(8r2, 

— jq cosh(s) cosh(z) cos(8ri) cos(8r2) cos(8rs) 
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+^ cosh(s) cosh(2z) cos(8ri) cos(8r2) cos(8r5) 
H-^j cosh(2s) cosh(z) cos(8ri) cos(8r2) cos(8r5) 

— 2g6 cosh(2s) cosh(2z) cos(8ri) cos(8r2) cos(8r5) 

— jq cosh(s) cosh(z) cos(8ri) cos(8r2) cos(8r4) 

cosh(s) cosh(2z) cos(8ri) cos(8r2) cos(8r4) 
+ cosh(2s) cosh(z) cos(8ri) cos(8r2) cos(8r4) 

— 2§6 cos l 1 (2s) cosh(2z) cos(8ri) cos(8r2) cos(8r4) 
+6 cosh(s) cosh(z) cos(4ri) cos(4r2) cos(4r4) cos(4rs) 

— jq cosh(s) cosh(z) cos(8ri) cos(8r2) cos(8r4) cos(8rs) 
+^ cosh(s) cosh(2z) cos(8ri) cos(8r2) cos(8r4) cos(8r5) 
+i cosh(2s) cosh(z) cos(8ri) cos(8r2) cos(8r4) cos(8r5) 

— | cosh(2s) cosh(2z) cos(4ri) cos(4r2) cos(4r4) cos(4rs) 

— 256 cosh(2s) cosh(2z) cos(8ri) cos(8r2) cos(8r4) cos(8r5) 

A. 4 The D = 4 potential on a manifold of ten 
50(3) singlets 

For the potential whose construction was described in ch.5, we introduce the 
following abbreviations: 



A 




cos (2 cj 48 ) 


B 




cos(4o>4 8 ) 


C 




cos(6 u 48 ) 


D 




cos(8 cj 48 ) 


E 




cos (2 cj 47 ) 


F 




COs(4cJ47) 


G 




cos (6 CJ47) 


H 




cos (8 CJ47) 


I 




COs(2 47 - 4 48 ) 


J 




cos(2cj 46 ) 


K 




COs(4cJ46) 


L 




cos(6 U^q) 


M 




C0S(8 U4q) 


N 




C0S(2 046 - 4 47 ) 







cos(2 46 - 2 47 - 4 48 ) 


P 




cos(4cj 45 ) 


Q 




cos(8 u; 45 ) 


R 




COS (4 045 ) 


s 




COS (2 045 ) 


T 




cos(4 46 ) 


u 




COs(2 46 + 4 47 ) 


V 




COs(2 046 + 2 047 + 4 48 ) 


w 




cos(2 u; 45 ) 


X 




sin (4 46 ) 


Y 




sin(2 45 ) 


z 




cos (6 CJ45) 


a 




sin(2 46 + 4 47 ) 


b 




Sin (2 04 6 + 2 047 + 4 48 ) 


c 




cosh(l/2p) 


d 




cosh(p) 


e 




cosh(3/2p) 


f 




cosh(2 p) 



(A.l) 

Furthermore, since every denominator in this potential is a power of two, 
we define a%b := a/2 b . Then, the 12 240 terms of the potential are given on 



the following eight pages. 
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!%21fPKGA -69%23fPKGB -21%21fPKGC -87%25fPKGD -693325fPKHA -693%26fPKHB 
)%25fPKHC -99%28fPKHD +351323fPLEA -8H-221P1E3 -237323fPLEC -27%22fPLED 
i2i!71FA -1 353251P1FB -2 .■■ 3 2 1 1 P1FC -9932:jtPLFD -11 13251PLGA -393221P1G3 
f325t?LGC -33221PLGE -653241P1HA -633231P1HE -33241P1HC -9327fPLHD 
;23ij'.iiMSA -102932:jtP31E3 - 1 4 :' 32 4 t PMSC -1473271PMSD -102932 5fPMFA 
)29%26fPMFB -147%25fPMFC -14 7%23 ! PKFD -14 7324fPMGA -147%25fPMGB -21%24£PMGC 
.%27fPMGD -147%27fPMHA -147%281PI-:HE -2 1 32 7 1P31HC -213501PMHD - 1 02 9%23f QJEA 
'"l%24fQJEB -1473271QJEC -1 3 7 32 S ±Q JED - 3 02 9324 f QJFA -1 02 932 5f QJFB 



!7%24fQJFC -147327fQJFD -147323fQJGA -147%24fQJGB - 
!7%26fQJHA -1473271QJHB -213261QJHC -21329fQJHD 
l7324fQKEC -147327fQKED -1 02 9%25 f QKFA -1029%26ft 
l7324fQ:-!GA -147325fQKGB -2H241QKGC -213271QKGE 
.%27fQKHC -21%30fQKHD -147323fQLEA -1473241QLEE 
'32 5 f QLFB -211241Q1FC -21?""' 



3fQJGC -21%26fQJGD 
9%24fQKElA -1029%25fQKEB 
-1473251QKFC -14 7%28£QKFD 
%27f QKHA -147%28fQKHB 
23£QLEC -21%26fQLED 
23f QLGA -21%24fQLGB 



.47%24fQLF 

I3231Q1GC -53261Q1GD -2^326fQLHA -21%27fQLHB -3%26fQLHC -3%29f QLHD 
4.32 3LO-3EA - 1 ■! ■■ 32 7 1031E3 -2 1 3 2 610I3EC -2 1 32 9 LC3131: -14 7 32 ■ 1 3 : t4~A - 1 4 7 3 2 3 1 QKFE 
:1327fQ[4FC -21%30fQMFD -21%26fQMGA -21327fQMGB -3326tQ31GC - 532 9f QMGD 
:132912MHA -213501QMHB -532 91 Q33H ' - 53 32f QMHD +105%16cPJI +105%18cPKI 
.05%17dPJI -105%19dPKI +15%16ePJI +15%18ePKI -15%19£PJI -15%21£PKI +21%14cPJIA 
:l%14cPJIB -21%14cPJIC -21%16cPJID +21316cPKIA -21%16cPKIB -21%16cPKIC 
:l%18cPKID -21%15dPJIA +21%15dPJIB +21%15dPJIC +21%17dPJID -21%17dPKIA 
:l%17dPKIB +21%17dPKIC +21%19dPKID +3%14ePJIA -3%14ePJIB -3%14ePJIC -3%16ePJID 
:%16ePKIA -3%16ePKIB -3%16ePKIC -3%18ePKID -3%17fPJIA +3%17fPJIB +3%17fPJIC 
31PJ1D -53131P?;iA -53131P313 + 53 1 3 1P313 -f5321 1PHID +10531' 



■105%16cE 
■105317dE 



.05%19cl 
I -105%20dPKIE 
■15%19ePKIE -] 
■15%22fPKIE +] 
: -21%17cPJIEE 
. +21%15cPJIGE 



■10:;3 3; 



.05%18dPJIE 



ii3iu: 
.1 



1 -3315e?JIEC -3%17ePJIED -3% 

> -3%15ePJIGA +3%15ePJIGB +3* 
t -3%17ePKIEC -3%19ePKIED -3% 

> -3%17ePKIGA +3%17ePKIGB +3% 
1 +3%18fPJIEC +3%20fPJIED +3% 
: +331£1P7IGA -5318fPJIGB -3% 
1 +33201PKIEC +5322fPKIED +3% 



4ePJIFA +3%14ePJIF3 +3314ePJ13 
5ePJIGC +3%17ePJIGD +3%17ePKIE 
6ePKIFA +3316ePKIFB +3316ePK13 
7ePKIGC +3%19ePKIGD -3%18£PJIE 
VfPJIFA -3%17fPJIFB -3%17fPJIE 
SfPJIGC -3%20fPJIGD -3320fPKIE 
9fPKIFA -3%19fPKIFB -3%19£PKII 



-3320fPKIGB -33231PK:G3 -3322 1PH1GD +56 .:;322':?13 
:323dPN +525322e?N -3253251P3] +75d319-PNA +735320dPKB +105%19cPNC 
r22cPHD -73S%20dPWA -735%21dPNB -1053 20dP313 -1033253PND +105%19ePNA 
;20ePNB +15%19ePNC +15%22ePND -105%22fPNA -105%23fPNB -15%22fPNC -15%25fPND 
^19cPO -525%20dPO +75%19eP0 -753221PO - 1 33 1 /cPOA -105%17cPOB -105%17cPOC 
;13cP7::: -10531 3d?OA +103318dPOE +1 3:)3 33dPCC -105%20dPOD +15%17ePOA 
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APPENDIX A. POTENTIALS 



-105%23fPNE - 



J%18dPNFA 
HSdPNGC +21423dPKGD 
UTePNEA +21%18ePNEB 



OC -15%19ePOD -15%20fPOA +1S4201FCB - 
cPNF -735%20cPNG -735%22cPNH -735%21dl 
dPNH +105%20ePNE -105%20ePNF -105%20e] 
fPNF +105%23fPNG +105%25£PNH +147%17cl 
PNED -147%17cPNFA -147%lScPNFB -2 1%1 7. 
ScPNGB -21%17cFNGC -21420;?NGD -147%1 
PNHD -147%18dPNEA -147%19dPNEB -21%l: 
9';PKFE -2 "_ 4 1 SdPNFC +21421d?NFD - 



L47420dPNHA +147%21dPNHB +21%20 
H3%17ePNEC +3%20ePNED -21%17ePNFA 
L%17ePNGA -21%18ePNGB -3%17ePNGC - 



ScPNHA -147420o7MH3 
IdPHEC -21%21dPNED 
47%18dPNGA +147%19dPNGB 



+21%23dPNHD 

■21%18ePNFB 

%20ePNGD -21419ePNHA 

3420fPNEC -3425tPNED 

■21%21fPNGB 

OF -105%21dPOG 
5%23fPOG 



3 -735421dPNJA -735422dPNJE 
3 +125420dPNKC +105423dPNKD 
3 +125420ePNJA +135421ePN73 
-15419ePNKC -15%22ePNKD 
-105%23fPNJA -105%24fPNJB 
+15422fPNKC +15%25fPNKD 
+525%20cPOJ -525419cPOK 



21fP( 



■15%18ePOJC -15420ePOJD - 
■15%18ePOLA +15%18ePOLB + 
■15%21fPOJC +15%23fPOJD - 
■1 54211POLA -15421fPOLB - 
-735421cPNJG -735%23cPNJH -735- 
-735%21cPNLE +735%21cPNLF +735- 
-735%22dPNJG +735%24dPNJH +735- 
-735%22dPNLF 
-105%23ePNJH 
-105%21sPKLF 
-105426fPKJH 



-735%22dPNLE - 
-105%21ePNJG - 
-105%21ePNLE - 
-105%24fPNJG - 



: +735%20cPNKF 
; +735%23cPNLH 
: -735%21dPNKF 
; -735%24dPNLH 
: +105%20ePNKF 
; +105%23ePNLH 
-105%23fPNKF 



13:)420eFMKG 
105%24fPNJE 
.05%23fPNKG 



+735422cpnk:-: 

+735%22dPNJF 
-735%23dPNKH 
-105421ePNJF 
+105422ePNKH 
+105424fPNJF 
L05425fPNKH 



+105424fPKLE -lQ5"s2'itPI-.TF - 1 :; 1 2 ■! 1 P171G - _ :; t 2 6 1 PXIE + 1 4 7 4 1 SoPM.JFA - 1 'I 7 4 I 9l"?N JEB 
+2141B;?NJEC +2: 
-147418cPNJGA - 
-147421cPNJHB -. 
-21%17cPNKEC -2 
+147417cPNKGA + 



■147> 



-147%18cPNJFA -147%19cPNJFB -21%18cPNJFC -21%21cPNJFD 
47%19cPNJGB -21418cPMJGC -21421cPNJGD -147420cPNJHA 
l%20c;PKJHC -21423c?NJHD -147% 1 7cPNKEA -14 7418cPMKEB 
%20cPNKED +147%17cPNKFA +147% 1 8CPNKFB +21 %17cPNKFC +21%20cPNKFD 
CPNKGB +21%17cPNKGC +21%20cPNKGD +147%19cPNKHA 
PNKHC +21%22cPNKHD -147%1 8cPNLEA -14 7419cPMLEB 



3 +2 

-21%19dPNJEC -2: 

-147419dPNJGA +: 

l-147422dPNJHB +2 
+21413d?NKEC +2: 
-147%18dPNKGA -147%19dPNKGB 
-117421dPNKHB -21420dPNKHC - 
v21419d?XLE2 + 21 422d3MLE:: -: 
-147419dPNLGA -147%20dPNLGB 
-117422dPNLHB -21421dPNLHC -21 %2 4dPNLHD +21%18ePNJEA +21%19ePNJEB +3%18ePNJEC 
+5423ePNJED -21418ePNJFA -21%19ePNJFB -3418ePN7FC - ."; 4 2 IrtPNJFD -21%18ePNJGA 
-21%19ePNJGB -3%18ePNJGC -3%21ePNJGD -21420ePNJHA -21421ePNJHB -3%20ePNJHC 
-3423ePNJHD -21417ePNKEA -21418ePNKEB -3417ePNKFC -3%20ePNKED +21%17ePNKFA 
+21433e?NKFB +3417ePNKFC +3%20ePNKFD +21417ePMKGA +21418ePNKGB +3%17eFMKGC 
+3420ePNKGD +21419ePNKHA +21420sPKXH3 + 5'il5ePNK>:c + 3 * 32,hP_7XED -23433eFMLEA 
-21419rt?NLEB -5418ePKLEC -5 4 2 leFMLFB -2 1 4 1 SePNLFA +21419ePNLFB +3*13eFMLFC 
+3421ePNLFD +21418ePNLGA +21419ePNLGE +3418ePNLGC +3%21ePNLGD +21%20ePNLHA 



47%1 BdPNKFA -147%19dPNKFB -21%18dPK:-;FC -2I : !:2Ia::-::-:FD 
- 2 1 % 1 3 dP M K G C - 2 1 °s 2 1 dP K K :',J -'- ' i '1 2 d P N k :-: A 
2:*23;-;rXXHD + 1 '1 ': °s 1 9dPKLEA +1 '± ~%2 OdPNLZE 
47%19dPNLFA -147%20dPNLFB -21%19dPNLFC -21%22dPNLFD 
-21il5dPNLGC -21*22dPNl^D -"_ 7i2 ldPML!-!A 



+21%21ePHLHB +3't2;;e?NlHC + 3°s2 3ePNLHD -21%21fPHJEA -21%22fPNJE3 -3%21fPHJEC 
-3%24fPNJED +21%21fPNJFA +21%22fPNJFB +3%21fPHJFC +3%24£PNJFD +21%21fPNJGA 
+21%22£PNJGB +3%21fPNJG~ +3°s2-1tPKJGD +21%23fPNJHA +21%24fPNJHE +3%23fPNJHC 
+3%2SfPNJHD +21't2;;i?N:-;EA +21'i211PMKEB -?°s2;'jtPKKEC +."i'i23r"PNKED -21%20fPNKFA 
-21%21£PNKFB -3%20fPNKFC -3%23fPNKFD -21%20fPNKGA -21%21fPNKGB -3%20fPNKGC 
-2*23tPNKGD -2 :t22i?:;^HA -2 L ! i22i~MKH3 -3s22tPNKHC -3i2:;i~NK^D +21%21fPNLEA 
+21%22£PNLEB +3%21fPNlE:; + 3°s2 -1 tPKLED -21%21fPNLFA -21%22fPNLFE -3%21fPNLFC 
-3°s2'lf PN1FD -21%21f PN1GA -2H221PMLGB - ?°s2 1 t PKLGC -3%2'1 iFNLGE -21%23tPNLHA 
-21%24fPNLHB -3%23fPNLHC -3%26fPKLHD +1 57 B%2 1 cPOJE - 3 1 5 's2'3 ;?0 JF +105%21cPDJC 
-1575%20cPOKE -315%19oPOKF - 1 5%2 OcPOKG -1575%21cPOLE -315%20cPOLF -105%21cf 
-l , :./5'i22dPOJE -315%21dPOJF -105%22dPOJG +157 5%21dPOKE +315%20dPOKF 
-15/5'i22dPOLE +315"s21dPOLF - 1 \: 'i 12 ,-;P01G -22 :; \ 1 Iff POJE +'15^20ePOJF +1:1^2 
-22:;'!:2;)e?OKE -45%19ePOKF -15t2;';rtPOKG -22:j'i21ePCLE -■■15't20s?OlF -15%2 
-225%24fPOJE -45%23fPOJF -15%24fPOJG +225%23fPOKE + 4 i 's22fPOKF +15%2 
+225%24fPOLE +45%23fPOLF +15%24fPOLG +315%19c 



L3.-:rO[ 



i +2 



5%19cPOJEC 
9CPOJGA 



-31 
-21> 



.FB +63%18cP( 
' -315%20dPtt 
TB +S3%19dP( 



: +63%19cPOI 
+ 315%19cP01 
: -63t20cPO] 
+ 315t20dPO. 
: +63%21dPO. 
-315%19dPOI 
■ -^^»2Cd:-c; 



-45%: 



-yi :;tj;)d?OJE~ - 3 1 5°s2 2dPOJED -S3%19dPOJFA +i 
-21%20dPOJGA +21%20dPOJGB +21%20dPOJGC +21% 
-31 :; 1 9d?OKEC -315%21dPOKED +■■ 3 % 1 CaPOKFA -i 
-21'i: ; idPOKGA -21%19dPOKGB -21%19dPOKGC -21% 
-3i: ; 4 : j;jd?01E2 -315*22dP01ED +S3%19dPOLFA -i 
+21%20dPOLGA -21%20dPOLGB -21%20dPOLGC -21% 
-■■5-il9eP:37EC -'1 5^2 1 ePL3 JED + h 1 3s?C.JFA -9sltsPOJF3 - 3'il 3er:j .TC jOsTOJFD 
-35.9sPOJGA -3'il9eP:;."GE -^t_9s?O.JG" -S%21ePOJGD -15%18ePOKEA +45%18ePOKEB 
+45%18ePOKEC +45%20ePOKED -9%17ePOKFA +9%17ePOKFB +9%17ePOKFC +9%19ePOKFD 
. -'. spokg;-, ■ ■;. 3^PO[::-!3 ■ . ■; .3KGD -45%19ePOLEA +45%19ePOLEB 

+45%19ePOLEC +45%21ePOLED -9%18ePOLFA +9%18ePOLFB +9%18ePOLFC +9%20ePOLFD 
-3%19ePOLGA +3%19ePOLGB +3%19ePOLGC +3%21ePOLGD -45%22fPOJEA +45%22fPOJEB 
+45%22£POJEC +45%24fPOJED -9%21fPOJFA +9%21fPOJFE +9%21£POJFC +9%23fPOJFD 
-3%221POJGA +3'i22tPCJGE +3%221?O.JG~ + 3%2 -1 tPOJGD +■] 5%2 1 f POKEA -45%21fPOKEB 
-45%21£POKEC -45%23fPOKED +9*2Ci~OKFA -9*2;)tPOKF3 -3'i20 1 Pl3K?C - H \ll 1 riKFD 
+3%21fPOKGA -3%21fPOKGB -3%21fPOKGC -3%23fPOKGD +45%22fPOLEA -45%22fPOLEB 
-45%22£POLEC -45%24fPOLED +9%21fPOLFA -9%21fPOLFB -9%21£POLFC -9%23fPOLFD 
-3*22LP01GA -3^22tP:3LGE -3%221?OLGC -3%21tP01^D +£ 3 -17 6 ■-. <!\2 3cP. -330E713t30dR 
-973237%29eR -4517181%32 £R -I . cRA . ■■! '2215%26cRC 

-22C935%23cRD -2 3 33 3 r, 'i27dRA +.'■, 1 d?LE +32 2 1 h 27dRC -320 985%30dRD 
-12C53/%26eRA -38439%27eRB -11745%26eRC +4 58 55 %2 9eRE- -7 1 3S 1 %2 9f RA 
-2 5S'l7 3%30tRB +117-15%29tR~ -i 3 3 3 3 % 32 tRD - 3 9C 3 9* 2 ScRE -80913%27cRF -2 17 3 5 * 2 6c;RG 
-■■■:23 5C5"s2 3cRH -3C;;3/:)'i2/dRE +37 332 5 %2 3dSF +2 1 7 3 :> 2:'dRG -12 3 50 5%30dRH 
-127257%26eRE -11559%27eRF -3105%26eRG +61215%29eRH -717081*2 9=RE -2 3 3 3 5 3 %3 Of RF 
+3105%29fRG -S1215%32fRH +98 931 %2 3cREA -61 34 l%24cREB -10059%23cREC 
-655'11%26;RED - 3 3 1 17 %2 ■'! cRFA -■■] 3 21 13 "i 2 3cR~E +3093%24cRFC +69573%27cRFD 
-^9."; : !:2 3;RGA +15313%24cRGB +5859%23cRGC +10899%26cRGD +8 5701%2 6cRHA 
-85701%27;RHB +1 22 -1 3%2 f-^RHC +1 2 21 3^2 3cR^I: - E27 %2 -,dREA + 1 1 C -1 93 %2 5dREB 
-10C5 3%2-',dREC -S5541%27dRED +82269%25dRFA +697 89%2 6dRFB -9093t23dRFC 
-693 ■■■3%23dRFD - 6 3 3 '62 -I dR:,A -1301 3 2 5 dRGB -5859%24dRGC -1 08 99%27dRGD 
-35701%27dRHA -85701%28dRHB -12 21 3i2 7dP.:-:c - 122 '1 3 1 3 3dRHD +1 4 1 3 3%2 3eREA 
-3 ■■E3-i2-1eREB -1437%23eREC +9363%26eRED -4731%24eRFA -6459%25eRFB +12 99 1 21eRF2 
-'•9 3 9-i2/eP.rD +39%23eRGA +2259%24eRGB +837%23eRGC +1557%26eRGD +12243%2 SeRHA 
-122'!3%27eRHB + 1 7-i 3 'i 2 6eRH2 - 1 : ■■ 3'12 3eRHD -1 12 437%26f REA -40389%27 £REB 
-l'l37-i2StP.3C -33E3%23tRED -■] ± 1 2 1 %27 i R~A - 1 £ 1 1 7 %2 3 1 RFB - 1 2 93 1 27 1 RFC - 9 3 3 3^ 33 1 9.TZ: 
%26fRGC -1557%29£RGD -12243%2 9fRHA -12243%30f RHB 
30--33'i26oRJ -57393%27cRK -39375%26cRL +334425%2 9cRM 
+ 39373-i2/dRl -33^i'12:>»33dRK + 12 3' / ■ t;2 6sR.7 
':>»23eRK -719601%29fRJ -2 8 67 1 3% 20 tRK -3S23s29fRL 
-:)7813i2'lcR,IE -3555%23cP..JC + S 60 :> %2 6cRJD 
+ 37S3*21c;RKC + 7 021 5%2 7cRKD -2835%23oRLA 
10395%26cRLD +66885%26cRMA + 668 3 5 t27cR[-.E 
155%24dRJA +!C6365%23dR.7B + 9 3 5 5 1 2-^dRJC 
+65085%26dRKB -9765%25dRKC -7024 5%28dRKD 
333:j'i2'ldRlC -10."!93'i2: , dRLD -6t333*27dRMA 
9:)3:ri3i'idRKD - 1 1 S 3/ ';:2 3s R.7A - 12 3 3 1 2-^eRJB -1365%23eRJC 
787%25eRK3 +1 39 5 %2 'leRKC + 1 C 3 5%2 7eRKD -405%23eRLA 
85%26eRLD +9555%2feRKA -3555^2 '.'ePHE + 1 3S 3's2 SsRMC 
+1365%29eRMD -1 12 94 1 %26f RJA — 1 3 53427 tRJE + 1 365%26f RJC -9435%29fRJD 
--.!:C '5 3 t;2-;iS.KA -IS-'fi'ii^ClRKE - L 3 5 :; 'Sj t RKC - 1 3 3 3 !.-.s 3 1RK2 +1 3 :) 'i 2 6= R1A - 1 7 5 5427 iP.lE 
-765%26iRLC -l'lE5t291RLD - 9 :> 5o 'i 2 3 1 PKA - 9 j 534 33 iEME -i3S342 5tP.MC -13S34321RMD 
-1053S9423ORJE -1 60 53 42'lcRJF -5775423cP.JG +727 6 3 4 2 6;RJH -4 1 7 3%24cRKE 
-375'I3425;RKF ■ 1 .' 1 V ■ , - \ 3 3 S 3 2 7oRKH -5775%23cRLE +525%24cRLF +157 542 5c;RLG 

-367342SCR1H +S333 :)»26oRKE - 63 3 3 :; * 2 ■ C?M7 +9335'i26::RM:, +953:3429oRKH - ■ 09:)42'idRJE 
+ 95205%25dRJF +5775*2-',dRJG 27 3 5 42 7dRJH +8932 5%25dRKE +112 125%2 6dRKF 
-::3:;342:>dRKG - -! 5 3 6 :> 4 2 3dRKH - 377 3421dP.lE -32 5425dRLr - 1 5 .■■ 5 4 2 '-dRLG -5S7 3427dRLH 



;3421eRlE 



-95 55 427dRI-:c 
-4059424eRKA - 
765%23eRLC + 



-66303427dRME -6 688 5%28dRMF -9555427dRMG - 555 54 30dR:-lH +1 50 5 742 3eP.JE 

-657342-',eRJF -825%23eRJG +10395%26eRJH -5739%24eRKE -12507%25eRKF -7 6 5 43 IrtRKG 

+ 6195%27eRKH -825%23eRLE +7542'1sRLr +225423eP.lG +525426eRLH +9555%26eRME 

+ 9555427eRKF - 1 3 6 :>42 SeRMG -1365429eRMH -1 13361 426fRJE -4257 3427 tRJF +32 5 42 61 R.7G 

-10333429tR.JH — 13-1 13427 tRSE -12 3 5 4 2 3 1 RKF +7 fi 342 tRKG -3 1 3 3 4 3 ERK!-! +C2342StRlE 

-754271RLF -225%26fRLG -525423iRLH - 9 :> 5 342 Sf RME -9555430fRMF -1365429fRMG 

-1365%32£RMH +4725419cRJEA -12 537421cRJEB -441419cRJEC +1 32 93%23cRJED 

-10773%21cRJFA -9009422CRJF3 -2 2 :> » 2 1 ':RJFC +:3:)'.342'loRJFD -1C3413CP.JGA 

+ 2E2:)421oRJCE +32 341 5CRJGC +1 5 9 :; *2 3 .-:R7TO +l-.:)3342 3r:RJHA +115 5 342 -1 CP. JEB 

+2079%23cRJHC +207942 6cSJ:-:d - 55 5 .■■ 42 1 cRKEA -7 8 33 422cRKE3 +2 3 73 42 lcRKEC 

+ 13713424oRKED -148SS%22cRKFA -3 80 1 %2 3cRKFB - 3 S 5542 2cRKFC +1 2 70 542 5cRKFD 



-315421cRKGA 
+8673%25cRKHB 
+525419cRLEC h 
+1743%24cRLFD 
+735424cRLHB h 
+1911%23cRMEC 
+1911%27cRMFD 
+1911%2 6cRMHA 
+20729%22dRJEB 



-223:>422dRJFC -1354543 
-1 39:)42'.dRJCD -:-,:> 3 542 IdRJHA 
+ 17709*22':RKEA -11325 42 5dRK3I 
-3633%23dRKFC - 



5!: 3722-'RXG3 + 3 . 942 3 CRKG7 -3:;':i»2 
1239%24cRKHC +1239%27cRKHD -105%19' 
". . ■ - ED +3S142LCR1FA -5i23»22-': 
3 3 341 5oRlGA +33 '■■421CR1GB +6341 9l-RL: 
05423cRLHC +105%26;RL:-:B +13377423cl 
1 91 1426c;RM3D + 1 5 3 .'7 4 2 -i l-RKFA +13377^ 
1 9 3 1 4 2 3 c RM G A +191142 -1 . 

;20dRJEC -13: 



+ 273*25^1 
-275429^ 



■8673%24( 
2A -2325421cRLEB 
1 +987%21cRLFC 
■L33»23-'RlCD +75542 3cP.lHA 
i +13377424cRHEB 

■1911%24cRMFC 



IGC +273%26cl 
:D +3467%20dRJEA 
IdRJFA +13105%23dRJFB 
05%20dRJGA -262 5422dRJG3 -525420dP.JGC 
'13:j342 5dRJHB -2079%24dRJHC -2079%27dRJHD 
2 57 342 2;-:RKE:: -1 3 a 3' :3dRl . r . 2 dRKFA 
:j426dRKFD +5 1 :j 42 2dRKGA - L 3 3 3 42 3dRKGB 



-£19"s22dRKG:3 - 1 :>7 :>42 fictRKGD -33 ■■3425dRKHA -3675426dRKHB -1239425dRKHC 
-1239%28dRKHD +105420dRlEA -2 32 :; *22-:iRL3E -32:)423dRLEC -1995%24dRLED 
-861%22dRLFA -3129%23dRlF3 -93 ■■ 42 2dP.lF2 - 1 7 ■'. 5 4 2 3dRLFD -1 39420dRlGA -537422dRlGB 
-63423dRLGC -1 3942-ldRlGD -7 3342 'ldRIHA - 7 3 542 :jdR!HB - 1 3"s2 -1 dRLHC -105%27dRLHD 
■13377%24dRMEA -1 3377 %25dRMEB -1 91 1 %24dRMEC — 1911%27 dRMED -13 377 %2 SdRMFA 



-13377%2S 
-273%24dRMGC - 
+675%19eRJEA - 
-1287%22eRJFB 
+285%23eRJGD h 
-1371%21eRKEA 
-543%23eRKFB h 
+225%24eRKGD h 
+375%21eRLEB H 
+249%24eRLFD h 
H05%24eRLHB h 
+273%26eRMED h 
+273%24eRMGB h 
+39%2 9e 



1 7 9 1 4 2 1 e R JE3 - 6 3 % 1 9eR JEC 
+315421eRJFC +1935%24eRJE 
2073423eRJHA +2079%24eRJf 



'%22fRJI 



■1911%24dRMGA -191142:jdP.MGB 
-1911%28dRMHE -275427dRMHC -273%30dRHHD 
.339"s25eRJED - 1 :> 5 3421eRJFA 

-15419eRJGA +375421eRJGB +7541 5eP.JGC 

+297423eRJHC +297%26eRJHD 

+ 195942')sRKED -2127%22eRKFA 
■■1 5421ftRK:,A +27 5422eRKG3 +31/421eRKGC 

+177%24eRKHC +177%27eRKHD -15%19eRLEA 
!3%21eRLFA +447%22eRLFB +141%21eRLFC 
.9sRLGC +2:-425eP.lGD + 1 3 342 3eRLHA 



+ 2 7i-:-27e 



i%26el 



]34221RJEC -1 3 39 , 626fRJED -665 3 %2 4 f RJFA 



-2809%25fRJFB -315424£RJFC -1 3 5 5 427 1 R.7FD +154221RJGA - ?,': 542 1 f RJGB -75422£RJGC 
-233423tRJGD -2079426£RJHA -2079%27f RJHB -297%26£RJHC -297%29£RJHD 
-6321 42^ = RKEA -2977423tRK3E -33342-.;RKEC - 1 9 :i 9'&2 ■ LRKEZ: -15E9425fRKFA 
-1505%26£RKFB -519425 = r:-;FC -1 3 1 3 42 3 f RKFD +45424fRKGA -279%25fRKGB -1 17 42 '1 1 RKGC 
-2254271RKGD -1233427 = r:-;HA -12 39%28f RKHB -17 7 4 27 iRKHC -17 74 30 iRKHD +1 54221RLIA 
-37542-lfRLEB -75%22£RLEC -285%26£RLED -123424fRLFA -447425fRLFB -141%24fRLFC 
-2'19"s2/tRLFD -2:422 = RLGA -81%24fRLGB -9%22fRLGC -27%26fRLGD -105%26fRLHA 
-105427fRLHB -15%26£RLHC -15%29fRLHD -1911%26fRMEA -1311427iRKE3 -275>423iP.KEC 
-275*23tRMED -13114273RMFA -1 51 142 3 1 RMFE -27 5 4 27 1 RKFC -27 5450iR15FD -2754251RKGA 
-2734271RMGB -334233RKGC -39%29fRMGD -273%29fRMHA -2754333RKHE -39429fRMHC 
-39%32fRMHD +761943%25cST -172 11 9%26dST +10884 9%25eST -698673%28f ST 
.8923%22cSTA +4 4331%23cSTB +861%22cSTC + 1 903 5 42 5cSTE -2 6 1 3 42 3dS7A 



+2" 



!821%24dSTB -861%23dSTC - 
"15%25eSTD -115293%25fS] 
683%22cSTE -33621%23oS: 
773%24dSTF +1155%23dSTC 
395%25eSTH -110973%25f; 



>0C54i 



A -55485%26f 

■F -1155%22cSTG +72765%25i 
! -72765%26dSTH +12565422e 
ITE -44349%26fSTF +163425= 



6333%23e 
-123%25fSTC -2715%28fSTD 
+9621%23dSTE 
-■',803%23e 



.23%22e! 



-165%22e; 



■9%25cSTHD +3175%20dSTEA + 
,45%21dSTFA +6385%22dSTFB 
l9%21dSTGB -777420dSTGC -1 
-2C - , 5425dSTHC -2 07 9% 2 6dSTHD 



-1039342313: 
399%19cSTEC +4473%22cSTED -61 53%20cSTFA 
489%23cSTFD +399%19cSTGA +228 9420ci?TG3 
355422cETHA +11 3:)3423c;S73;e -2079422cETHC 
265421dSTEB -399420dSTEC -4 47 342 3dSTED 
1 617421dSTFC -548942-laSTrD -395423dS7GA 
37425dS7GD -14553%23dSTHA -14 55342 4dSTHB 

7419eSTEA +561420eSTEB +57%19eSTEC +639422eHTED 



-375s20*5TFA -527 s2 IsSUE -25^%23s37rc +52 '■' 4 2 5e2TFD +j7*15sSTGA -52: , 42 3'sS7GE 
+ 111419eSTGC -201422eSTGD- +207 9%22eSTHA +2079%2 3eSTHB +297422eSTHC +2 5742 3ePTHD 
-13271422fSTEA -8753423fSTEB -57%22fSTEC -639%25£STED -7313%2 3f STFA 
-376942--1STFE -2314231STFC -927%26fSTFD -57%22fSTGA -327%23£STGB -1114221ETGC 
-201425fSTGD -2079425£STHA -2079%2 6f STHB -297%25£ETHC -297428fSTHD 
+ 122915422oS3i -2430942 3dHU +1 7 5 5 942 2eSTJ - 1 1 58 63 42 5 1 S'J +1 3 8 3 74 1 ScSUA 
+ 5901%20cSUB -189419^Si;c +2 667 422 l-£UD -2 1 5 3 4 2 3d37A +22 91 4 2 IdSJB - 1 942 OdSUC 
-2 3 6 /4 2 5dS2iD -2 5 91 4 1 5eSUA +843%20eSUB -27%19eSUC +381%22eSUD -1 907 5422 1 SUA 
- 93 5 :> 4 2 51 S-JB -274221SJC -581425fSUD +17367%19cSV -983%20dSV +2481%19eSV 

1865%22fSV -1953%17cSVA -3507%17cSVB +1953%17cSVC -3339%19cSVD +1953%18dSVA 



i89%18dSVB -1 553 dE 1 ■> ' 20dSVD ■." L .C1417eS\-E +275%17eSVC 

l77%19eSVD +279%20fSVA +4597%20fSVB -279%20£SVC +477%22fSVE> -2835%20cSUE 
!1 357422;SUF +2335422cSUG - 37 5 422cSU:-: +2 3 5 5 42 IdSUE -3219%21dSUF -28 3 542 IdSUG 
: ^!3:;t25ai:;H - ■! 3"s2 OeSLT -53:)1423'sSlT +1 33420eEUG - 5 3 5 542 2eHUH +1 5 4 2 3f SUE 
!7627%23fSUF -405%23fSUG +5355%25fSUH -105416cSDEA +861%18cSOEB +189%16cSUEC 
■53423;-:S7I3D -2 5 3 3'^ 1 '.'cSLTA - 3 5 94 1 3^.51 3 ' I I ■ . . . I ■■■ +3 3 :) 4 1 EoSJGA 

:6141£r:SUGB -139%16cSUGC -735%20cSUGD -74 97 4 1 9;SU:-3A -7 -I 57 42 QcSTJHB 

.07141 3cSUH2 -1071 422CS21HD +33:)417dSUEA -861419dSDEB -139417dSUEC -7 3 5421':SL"ID 
.231418dSr..iFA -2 1 4 '.' 4 3 9dS2'FE -3 1 34 1 3dSUFC +559421dSUFD - 1 54 1 7dSi;GA -351419dSUGB 
.3541 /dSUGC +755421d.3"j:,D +3 4 37 42 0d5L7-3A -7 'I 57421dSUHB + 1 07 1 4 2 3dS"JHC 
.071%23dSDHD -15%16eSUEA +123%18eSUEB +27%16eSUEC +105%20eSUED -405%17eSCJFA 
i7418eSDFB +45%17eSUFC -57%20eSUFD +13416eS3iGA -1 2 54 1 3eSUG3 -27416eSUGC 

I : ■ ' \". I ;e.5L"HA - 1 0'' 1 42 0eSUH3 -1 53419eSDHC -153%22eSUHD +15%19£SUEA 
.234211SUEB -27%19fSOEC -105%23fSUED +4 501420 f SUFA +1991%21 f SUFB -4 5%2 r.SL"F:3 



i7%23£SDFD -15%19fSUGA +123%21fS 
.071%23fSUHB +153%22fSUHC +153%25f 
i203%21dSVE +1407%20dSVF -5355%21c 
!6563%23fSVE +201%22fSVF -765%23££ 



.05%23fSUGD +1071%22f SUHA 
;L7-:e -26565423;SVE -1-137 7. SVF 1 >' . .. ■: . 7> 
!VG +3795%20eSVE -201%19eSVF +765%20eSVG 
/G -3423%18cSVEA -3969%18cSVEB +3423%1 ScSVEC 
.3S35 : !;23^-SVED +777%17cSVFA +987%17cSVFB -777%17cSVFC -254 1%1 9cSVFD 
.3'71410cSVGA -1071%18cSVGB -1071%18cSVGC -1071%20cSVGD +3423%19dSVEA 
l223%19dSVE3 ■■ , 9dS' -.i i 3 (9421dH\"ED - '■■ / 7 4 1 SdSVFA - 98 ' 4 1 3':5VFE 
'7741£dSVFC +2541%20dSVFD -1071%19dSVGA +1071%1 9dSVGB +1071 %1 9dSVGC 
.071421dSVGD -139* 18e5VEA - 3S7 "s 1 £sSV3E -' 1 £5S:i£s3V3C - 1 !;2': '62 OeSVED -131%17 s SVrA 
.'H417eSVFB -lll%17eSVFC -363%19eSVFD +153%18eSVGA -153%18eSVGB -15 34 1 8sSVG:3 
.53%20eSVGE +1E.542112VEA +8'/ 5 9421 1 SVEB -489%21fSVEC +1 527%23f SVED -1 1 1 %2 tBVFA 
.'I14201SVFB +lll%20fSVFC +363%22£SVFD -153%21fSVGA +153%21fSVGB +153%21fSVGC 
.53%23fSVGD -25725%23cSTJ - 1 i Si 67%23cSTK +2 5725%23cSTL -180075%25cSTM 
!372 5 42':d37J -1 53 542-.dfTK -2 :il 2 5 42 ■! aSTl +1 3 3"3 ■■ :> 4 2 6dSTM -3675%23eSTJ 
:0781%23eSTK +3675423eSTL -2 57 2 5 42 3sS7M +5f75426fSTJ +168237%26£STK 

■ 67 3423 1 STL +25725%28£STM -2205420cSTJA +661 5 42 1 ;S7JE + 3 3 -1 542 OoSTJC 
933'i23cSTJD -20727420cSTKA -2 07 942 lcSTK3 + 1 3 3 4 2 3 ':STKC -5'.53435i:S73;:: 

:205%20cSTLA -6615%21cSTLB -3045%20cSTLC -598 5%23cSTLD -3601 5422i-.S7XA 
: .631:;425^-S7MB -51 45422cSTMC -5145%25cSTMD +22 05%21dSTJA -661 5422 ':S7JE 
: 313-i2_dST72 -533 5424dSTJD -3849%2 IdSTKA -1 02 09%22dSTKB -107 1 %2 1 aS7KC 
: ',33-i2-ldSTKD -2205%21dSTLA +6615%22dSTLB +304 5%21dSTLC +5985%24dSTLD 
!6015%23dSTMA +36015%24dSTMB + 5 1 'I 5 42 5dS7MC + 5 1 -1 542 SdSTMD -315%20eSTJA 
313 : !:31rtS7JB +435%20eSTJC +855%23eSTJD -2 961%2 OeSTKA -297%21eSTKB +153 4 2Ce:7T333 

■ 93425ft S7:-;e +31 5423eSTLA - 34 3 4 2 leSTL3 -1 35420eSTLC -855%23eSTLD -514 5%22eSTMA 
113425eSTMB - ^35422eSl 



:4fs: 



3:s: 



3 4231 : 



.23137: 



■554231S7KC +7354231STMD -31-1 5420c;.STJE - 3 1 1 342 1 cST 7F -735420cSTJG -1 
.3167%20cSTKE +17409%21cSTKF +1575%20cS7:-;G - 1 6 3 3 3 4 2 3cSTK:-: + 5 1 1 5 42 OcSTLE 
:115421cSTLF + ■■33420CSTLG - / 5 3 42 5^.ST1H - 360 1 3 422 ':S7ME -3601 :i42 3oPTMr 
il45%22cSTMG -5145%25c:STMH + 5 1 -1 5 42 1 dS7JE + 3 1 1 3 , 62 2dSTJF +735421dSTJG 
■5342'ldS7JH -11409%21dSTKE -29697%22dSTKF -1575%2 IdSTKG +1 6905%24dSTKH 
:115421dSTLE -5145%22dSTLF -735%21dSTLG -735%24dSTLH +36015%23dSTME 
: 331:;42'.aS7MF + 3 1 -1 3 % 2 5':STI7G - 33 1 342 fdSTM:-: - 7 35420eSTJE -755421eSTJF 

:3 . .1' :.' . 'I M -1 381420s.ST:-;e -2'l37421eSTKF +225420eSTKG 

M 15425eSTKH + 7 33*20eSTLE -755421sSTlF -105420eS71G +105425eSTLH - 5 1 -1 5422sSTME 
il45%23eSTMF -735422eSTMG -753 sl3ftSTMH -7554231S7JE +7 3 5 4 2 ■■ 1 ST JF +1 3 54231STJG 
.054261S7JH +2 615 , .'4 2 31STKE +98015 
'35%23fSTLE -735%24fSTLF -105%23l 
'35%25fSTMG +735%28fSTMH -1911%1! 



, -315418C.ST1 
IB -483%20cS] 

:c -ni3%20ci 

> +441%19cSTI 
i +21422;STL1 



+21%23cSTLHD 
1ED -7203%20c! 
1GA -1029%20c; 



■f : 3-i20c; 



+ 31:>43 3cSTKEC 
:FC -1365421C.STKFE: 
' -3381%20cSTKHA 
iEA -147%15cSTLEB 
,F3 -103ti6i:S71F:3 



-7203%20cSTMEB 
-7203%21cSTMFB -1029420cSTMFC 
.029%23cSTMFD -1029%19cSTKGA -3023423L-S7MGB -l-17 , 613 i V.STHGC -147422cSTMGD 
.329422cSTMHA -1029423cSTMHB -147%22cSTMHC -147%25cSTMHD +1 91 1 420dST7FA 
.'!7416dS7JEB -2247422dSTJEC - 1 1 1 342 IdST JED + 1 '1 7 4 17dST JFA -7 35%2 OdSTJFB 
.0341 ■■dS7JF2 -331422dS7JF3 +1 142 OdST 7GA -13'3423dS7JG3 - 65 4 2 IdSTJGI: 
.■i /421dS7JHA +147422dSTJHB +21421dSTJHC +21 42 'IdSFJHD - 3 1 3 9 4 1 5dSTKEA 
!£3 74i3dSTKEB -315%19dSTKEC +8 6 1 % 2 IdSTKED -5387%19dSTKFA -3397420dSTKFE 
.47%19dSTKFC +1365%22dSTKFD - 31 5 4 1 9dSTKGA +31 5% 1 9dSTKGB +315*1 SdSTKGC 
: 13t21dS73;GD -t5333 421d?TKHA - 5 53 142 2dSTK!-!E +'l£5421dSTKE2 - 4 8 342 4dSTKHD 
.911420dSTLEA +14741 6d?TLEE -2 21 3 42 OdSTLFC + 1 1 _ 5 s2 3 ,;STL3D -1 4 7 4 1 IdSTLFA 
■5:;423dS71F3 - 1 3 3 4 1 7dS71FC +3 6 3 'i2 2d:3TLF3 -■! 3 i 2 3a37LGA - 1 3 '62 OaSTiGC 
)3%21dSTLGD -147%21dSTLHA -147%22dSTLHB -21%21dSTLHC -21%24dSTLHD 
'203%20dSTMEA +7203%21dSTME3 +102 5 42 3dS7MEC +1 029%23dSTMED +720 342 1 dSTMFA 
3 ■ .. 2 l: rt-1 I i i ' 'I ■ ' i I'l E i dS7MF D +102 3 4 20 dS TMG A - 1 02 942 3 dSTMGE 



4. THE D = 4 POTENTIAL ON A MANIFOLD OF TEN SO (3) SINGLETS107 



■. -I02 5'i2'ids™:-:B - 



-:;-i2.ie; 



+ 339' 



: --12 3 % 1 V 



+15419eSTJGC 



: -45420s37HGD 

-4£3422s2-tkha --.E 5*2 isst:-;h3 -6 3 42 0s.-,2:-;h7 -S3423,h.-,t2;hd -2vrii9sSTiEA 

■321%19eSTLEC -159%20eSTLED +21%16eSTLFA -10541 9eSTLFB 
■123%21eSTLFD +63419eSTLGA -15419eSTLGC -9%20eSTLGD +21%20e?TLHA 
+21422eSTLHB +3%20eSTLHC +3423eSTLHD -1029%19eSTMEA -1029%20eSTMEB 

37%19eSTMEC -147422eSTMED -1029420eSTMFA -1 029%21eSTMFB -1 47%20eSTMFC 
17%23eSTMFD -147419eSTMGA -147420eSTMGB -21419eSTMGC -21422eSTMGD 
]7422eSTMHA -147423eSTMH3 -2 1 4 22ft27KH7. -21*25eSTMHD +273%22fSTJEA 
-21'ilEtSTJEE -.">2_ : i22i:"T.JEC — 1 5942 3 f ST JED +21%19fSTJFA -1054221.5TJF3 



: -225424:?tjfe: -654221?;: 

i +54231STJHC -542615TJHD + i 
:D +1571%21fSTKFA + ££3*2212-7 
i +45421fSTKGE +45%21fSTKGC 
] +69426fSTKHD -273422fSTLEi 



-13422tSTJ7,C -34251?TJGD -22%23fSTJHA 
621%21fSTKEA +1931%21fSTKEB -45421fSTKFC 
KFB +21%21iSTKFC - 1 9 5 42 4 f STKFD 
+45%23fSTKGD +4S3423fSTKHA +483424fSTKHE 

+2141E1ETLEE +522422fSTLEC 



-15419fST. 
+21424f STJt 
+123423fSTf 
-45422f STKC 
+ 6 942 31STK+ 
+159%23fSTI 
-63422fSTLC 
-3426fSTLHE 
)423fS] 



-7237*22cSL\7B -ISI Vi2Co?n:c +1 1 02 3*2 5cBL\7D - !; 22 5 4 I 9o? JKA +515420cSUKE 
-15£5413cSUKC -2213422cSUKD +5145422;SULA +5145421cSULB +735%20cSULC 
-735423;S2TLD +20 S 9742 IdSUJA +90 97%22dSUJB -1 617421dSUJC -11025 424dSUJD 
+ : : 229420dSUKA -315421dSUKB -1365420dSUKC -32 1 3%2 3dSUKD -5 1 45%2 IdSULA 
-f;l'l!j"i22LlS[;L3 -V 3 3*2 1 =Sr;iC -7 3 4 2 ■IdSUlD + 3 1 542 OeSlT JA - I 04 142 IeSU.73 
+ 231%20eSUJC +1575423eSUJD -7 4 7 41 9eSUKA +45420eSUKB +1 3 54 1 9sSUKC - 4 -j '•422 sSUKD 
-735%20eSULA + 735*2 leSTJLS +2 2 5420eSULC +105423eSDLD -35 92 1 42 3f SUJA 
-17425%24rSLTJB -23L423iSUJC -1 5 7 5 42 6f SUJD +74 7 4 22 i 5TJKA - 4 542 5 tSUKE - 1 9 5 422f S'JKC 
-459%25fSUKD -735%23£SULA -735424£SDLB -105423fSOLC -1 5 42 5 tSLTD -2 82 4 5 42 OcSVJ 
-1407419cSVK + 3675420c;SVl + -1 52 3 42 IdSVJ + 1 4 07 4 2 2dSVK -3675%21dSVL +4 3542 GeSV7 

+525420eSVL -3 6S03423f SVJ +201%22fSVK -525423fSVL -308741 ScSVJA 
-4305418cSVJB -30S7413CSVJC -1102 5420cSVJD +777417cSVKA +987417cSVKB 

ScSVKD +735%18cSVLA -735%18cSVLB -735%18cSVLC -7 35420c:BVLD 
19dSVJB -3087%19dSVJC +11025%21dSVJD -777418dSVKA 

: +2541%20dSVKD -735%19dSVLA +735%19dSVLB +735419dSVLC 
. -;;i5413eSVJB +441418eSVJC -1575%20eSVJD +1 1 1 4 1 7eBVKA 
: -363419eSVKD +105418eSVLA -105418eSVLB -105%18eSVLC 
. +8807%21fSVJB -441%21fSVJC +157542 3fSVJD -111420fSVKA 
: +363422 = SVKD - 1 542 1 1 Z VIA + 1 542 If SVLB + 1 0542 If SVLC 
IJF -18039422cSUJF +159Q5421cSUJG -7 7 1 7 5 12 3cSUJH 
IKF + 504 2422;:SUKG - 3 67 5-422 c SL'KH - 32 4 542 IcSULF 
JLG -5145423cSULH +16905%22dSUJE -3 1 1 1 3422dSOJF 
-16905%22dSUJG +77175424dSUJH + 50 4 5 4 2 IdS2!KE -97 5 542 1 a.SUKF - 3 04 5421dSDKG 
+3675423dSUKH -514 5422dSDLE +5145%22dSULF +51 45422dSULG - 524 5424dSUL:-: 



-105422eSVLD +441%21fE 
-141%20fSVKB +lll%20fE 
+1054231SVLD -1690542] 
-304 3*20cSUKE + 9 7 6 5 4 2 ( 
-5145421cSULF -514542] 



U5427eSL\7E -2 57".''421eSUJF +2415%21f 
-1595420eSi;KF - 5 3*2 OsSi;vG - 52 5 422e3USl 
-735423eSJLH +24 2 542 4 f SUJE +51729%24fSl 
+4354231 SUKE -2 33 542 51SU:-;F -435423fSUK< 
-7354-24f3ULG +735%26fSULH -22 5 4 1 EcSUJ] 
+2205422OSUJED -265941Sc3UJFA +2037%19i 
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.%19eSPUJFB +3%18eSPUJFC -4 5%21eSPUJFD 
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-10311%22cWJEbY +15141%21cWJFbY -2 362 5 122cWJGb': 
-1365%21cWKGbY -2.)62; : 't22L-WLIbY -1725%2 
■4725l-21;ZJFbY -1575%22cZJGbY -4725%21 
1 575l-22;ZLEbY - 31 5 %2 1 cZLFbY -105%22cZ: 



'ULGA +21%22fSPULGB 
'ULHB +3%23fSPULHC +3%26fSPULHD 
;bY +117Sl%21cWKEbY -63%20cWKFbY 
: -1575%22cKlGbY -23625%22cZJEbY 
-3-'j5%20cZKFtaY -315l-21;ZKGbY 
■120761%23dWJEbY -151 4 1 %22dWJFbY 



-2312'. , i2^':HJGbY -1 1 3 1 '12 2dWSEbY +S: !, i2_dHKFbY +_:?;; : ; I !:j2':WKGr,Y -2 3 62 5%2 3dWLEbY 
1725%22dWLFbY +1 575%23dWLC-bY +2 3 62 5 1 2 3dZ JEbY +4 72 5%22dZ JFbY +1575% 2 3dZ JGbY 
!725%22dZKEbY +945%2 luZKFbY + 3 1 S'i2 2dz:-!GbY +1 57 5%2 3dZLEbY +31 5%22dZLFbY 



+105%23dZLGbY - 
-9%20eWKFbY -IE 
-3375%22eZJEbY 
-45%21eZKGbY 
-2163%24fWJFbY 
+3375%25fWLEbY 
+22 5%25f Z JGbY H 
+45%24fZLFbY +] 
-651%20cSPVKE H 
+105%21cSPVLG H 
-273%20dSPVKF - 
-27S9%21eSPVJE 
+45%20eSPVKG +; 
+93%23fSPVJF 
-45%23fSPV 



■ 73's22sWJFbY h 



!8 3%21eWKEbY 



■its: 



-225%21i;,PVLE 
5141%20cWJECbY 

70875%22cWJEDbY -3'l2 3%13cWJFAbY -7 32 3 1 1 9cWJF3bY + 342 3*1 9cWJFCbY 
14175%21cWJFDbY -472 5%20cK JGAbY +■', 72 5 '*20cWJG3bY + 1 72 5 s -20cWJGCbY 
4725%22cWJGDbY -4095%1 9cWKEAbY -6657%19 cWKEBb Y +4095%1 9cWKECbY 

14£17%21c;WKEDbY -313slE;WKFAbY -52 :i 1 3o?'KFEr'Y + 3 i 9* 1 3eV;XF:: : -;Y +2 "_ 6 3 s20cWKFDbY 
■ V. I c'.'.' GA; ! 9^HKGBbY +273%1 9cWKGCbY +27 3 i 2 1 o ?' K G D b Y - 'I 72 5 t 20cWLEAbY 



+ 945 ! 



2:;*23: 



-945> 



73%20dWKGBb' 
4725%2: 
45%22dWLFDbY 
725%21dZJEAbY 
45%2 0dZJFBbY 
15%21dZJGCbY 
45%22dZKEDbY 
3%20dZKGAbY - 
15%21dZLEBbY 



; ::i:;cbY -273%22dWKGDbY + 1725'i21dWLEAE>Y 

'1725'623;-;WLEDbY +945%20dWLFAbY -94 5%20dWLFBbY 
5%2 ldWLGAbY -315%21dWlG3bY -315%21dWLGCbY 
725 s s21dZJEBbY -4725%21dZJECbY -4 72 5% 2 3dZJEDbY 
-915t2CdZJFCbY -3-'j5%22dZJFDbY + 3 1 5 % 2 1 dz JGAbY 
-315%23dZJGDbY +9'i 5%20dZ:-;EAbY - 34 5°s2 OdZKEBbY 
Hi' SdZKFAbY -133'il';dZ:-;F3bY -133%13dZKFCbY 
63 's2;:dZKGEbY -53%20dZKGCbY -63%22dZKGDbY 



3i:;»21: 



. 5%23dZLEDbY +S3%20dZLFAbY 



: ..-■■ : : -. 

+273%20dKKGA:-;Y - 
-4725%21dWLEBbY 
-945%20dWLFCbY - 
-315%23dWLGDbY h 
+945s20dZJFAbY - 
-315%21dZJGBbY - 
-945%20dZKECbY - 
-189%21dZKFDbY h 
+515%21dZLEAbY - 

-63%20dZLFBbY -63%20dZLFCbY -63%22dZLFDbY +21%2 ldZLGAbY -21 %2 ldZLGBbY 
-21's21dZLGCbY -21%23dZLGDbY +2163%20eWJEAbY -2 1 63%20eWJEEbY -21 63%20eWJECbY 
+10125%22eWJEDbY -4 89%1 9eWJFAbY -1047% 1 9eWJFBbY +4 89%1 9eWJFCbY +2C 2 5%2 1 sWJFEbY 
-675%20e'.'.',JGA2Y -675' E 20sWJGBbY +675%20eWJGCbY +675%22eWJGDbY -585% 1 9eWKEAbY 
- 9 5 1 % 1 9 eWKEBbY +585%19eWKECbY +2121% 2 leWKEDbY -1 17%1 SeWKFAbY - 7 5 % 1 8eWKFBbY 
+ 117%18eWKFCbY +30 9%2 0eWKFDbY -39%1 9eWKGAbY +39 t 1 5eWKG3bY + 5 9%1 9eWKGCbY 
+39%21eWKGDbY -675%20eWLEAbY +67 5%20eWLEBbY + 67 5%2 OsWLFCbY + £75%22eWLEDbY 
-135%19eWLFAbY +135%19eWLFBbY +1 35%1 9eWLFCbY +1 3 3%2 leWlFDbY -4 5%20eWLGAbY 
+45%20eWLGBbY +45%20eWLGCbY +4 5%22eWLGDbY -675%20eZ JEAbY +675%20eZJEBbY 
+ 675%20eZJECbY +675%22eZJEDbY -135%1 9eZ JFAbY +1 3 j% 1 9eZ JFBbY +135% 1 9eZ JFCbY 
+135%21eZJFDbY -■■5t20eZJGAbY +45 %2CeZ JGBbY +1 5%2 QeZ JGCbY -4 5%22eZ JGDbY 
-1 35%13eZKEAsY -135%13eZKEBbY +1 35%1 9eZKECbY +135%21eZKEDbY -27%18eZKFAbY 
+27 E 13eZKFBbY +27%lSeZKFCbY -2 7%20eZ:-;FDbY -3%13eZKGAbY - 3% 1 SeZKGBbY 
v3til3eZ^G~:-;Y + 3 '6 2 1 eZ!\GD:";Y - :)'i2 OeZlEADY - ■'] :: \1 '^eZLEEbY +4 5%2 OsSLFCbY 
-■^:;*22rtZL3DbY - -i % L 3eZ 1FA;:Y +3'i 1 9eZlF3DY - 3ta 3eZlF~:";Y + 3^2 1 s ZLFDbY - 3 j ZLGAbY 
+ 3%20eZlGB;;Y + 3%2 OeZLGCsY -3%22sZLGDbY -2163%23fWJEA:";Y - 30 6 :: %2 3f WJEBbY 
+2163s23f HJECbY -i;;i25%25fWJEDbY +4 8 9%22fWJFAbY +1047%22fWJFBbY - ■'. 3%22 tH.TFCbY 
-2025t2--fWJFDbY +675%23iWJGAbY -675%23fWJGBbY -675%2 3fWJGCbY -675%25f WJGDbY 
+585%22fWKEAbY +951%22fWKEBbY -5S5%22fWKECbY -2 121%24fWKEDbY +11 7%21 fWKFAbY 
i- 7 5 %2 1 iHKFEbY -117%21£WKFCbY -309%23fWKFDbY -33'i22iWKGAbY -3 9%22 f WKGBbY 
-39* 22iHf!^CbY -3 3t2'UKKGDbY +675%2 3f WLEAbY -67 5%23 iW133i:.Y - 6/ ' : .i2 3 tWLECbY 



■■:; , !:j51i";LFE:bY + L. 1" :i : :: 2 2 ii''lFAi/Y -1 3 5'12 2 t '.-.'1F3;; Y - 1 3 '-/i2 2 t HLF~bY - 1 3 !; 1 2 1 iWLFDbY 
■■'.5%23fKlGAbY -15 s s23fWLGBbY -1 5%23f WLGCbY -4 5%2 5t'.\'lGDbY +675%23fZJEAbY 
■675%23fZJFBbY -£75t23iZJECbY - 6 7 5 % 2 5 f Z JEDbY +135%22f Z JFAbY -1 35%22f ZJFBbY 
■135%22fZJFCbY -13512'-iZJFDbY +4 5% 2 3fZ JGAbY -4 5%23f Z JGBbY 5 i23 i Z JGCbY 
■■^5%25iZJGDbY +135%22£ZKEAbY - 1 3 3 %22 tZfiFBbY - _ 3 :> \ 22 i ZKECbY -135%24i ZKEDbY 
■2 : ; '121iZ:-;FAbY -27%21fZKFBbY -27%21fZKFCbY - 2 7 %2 3 f ZKFDbY +9%22fZKGAbY 
-34:22LZKGEbY - '■■ \1'1L ZKGCbY -3 h 2 i ZK'"ObY +1 '.; ?:2 3 L ZLFAbY -4 5'i2 3 t Z1EB;;Y 

■-,5-123iZlECriY -i:;'i251ZlEDbY +3»22iZLFAi^Y -3'i2 2 i Z1F3;:Y - 3'i2 2 1 Z1F:::-;Y - 3 '6 2 1 E ZLFDbY 
■3 : !:23LZLGAbY -3%23f ZLGBbY -3%23fZLGCbY -3%25f ZLGDbY -651%19cSPVJEA 
-6027%19cSPVJEB +651%19cSPVJEC -472 5%21cSPVJED +27 3%1 ScSPVJFA +399%18cSPVJFB 
-273%lScSPVJFC -9--5t2Cc:SPVJFD +3 1 5% 1 ScHPVJGA - 31 5% 1 3c;SPVJGB -315%1 9cSPVJGC 
■31 :;' ■ I . I'V ■ ■ I ■ , I , ■' I . "■! ■.' . PVKE 

-105%17cSPVKFA -21%17cSPVKFB -1 05%17cSPVKFC -1 S9%1 9cSPVKFD +63%1 ScSPVKGA 
■63%13cS?VKGB -63tli!;-:EPVK^C -S 3 sj O^SPVKGD + 3 1 :; \ 1 3.-:EPVLEA -31 5%19cSPVLEB 
■31^*19;-:£PyLEC -31 5%2 lcSPVLED +63%1 ScSPVLFA - i: 3'i 1 tcZ? VLF3 - 3 % 1 3o?PVlFC 
■£3^2iio3?VlFD -21 ! i:3':SPVl^A -2 1 'i 1 3^SPVLGE -2 1 % 19cSPVLGC -21%2 IcEPVLGD 
-t^itjOaSPVrZA -t 32' , i23':^FVFFE - S i 3aEPVJZC +17 2 5%22';SPVJFD -273%1 9dSPVJFA 
■333'i 13dSPV.7FE +2 '3»L3dSPVJFC +34 5%21dSPVJFD -315%2 OdSP VJGA - 31 !; t2 OdSPVJGB 
-315%2 0dSPVJGC +315%22dSPVJGD -27 3%19dS?VKEA - 33 3"s 1 3';SP VKFE -273%19dSPVKEC 
-945%21dSPVKED -105*lSd?PVKFA +21%i£':SPVKFE + 1 :j 'i 1 iidSPVKFC + 1 3 3 2 d ? ? V K F D 
■63%19dS?VKGA +63tl3d.3PVK.",E +5 3s 1 3';SPVKGC +63%21dSPVKGD -315%20dSPVLEA 
-315%20dSPVLEB +315%20dSPVLEC +31 5%22dSPVLED -63 t 1 fidSPVLFA +53%13dSPVLFB 
-63%19dSPVLFC +63%21dSPVLFD -21s23';SPVLGA +2 l%20dSPVLGB +21%20dSPVLGC 
■21^22d;;rvlGD -3341 3rtSPVJEA +061-il9ef?VJE3 - 3 3 \ 3 3s^PVJZC -67 :) M lef PVJED 
-39%18eSPVJFA +57%18eEPVJFE - 3 3'i 1 £s SPVFFC - 1 3 \ 2 3rtSPVJFD +15sl9sSPV7GA 
■■■5%19eS?VJGB -15tl3eSPVJGC -45%2 leSPVJGD +39%18eSPVKEA +57%18eSPVKEB 
-39%18eSPVKEC -135%20eSPVKED +1 5%17eS?v:-;FA -3%17eH?VKFB -1 5%17eSPVKFC 
■27%i9eS?v:-;FD -3-il3e3rVKGA -3slfisSPVKGB -9%lSeSPVKGC -9%20eSPVKGD +45%19eSPVLEA 
-45%19eSPVLEB -45%19eSPVLEC -45%2 leSPVLED +9%1 SeSPVLFA -9%18eSPVLFB 
-9%lSeSPVLFC -9s23rtSPVIFD +3 i i_3s:"PVl^A -3 % 1 -ie:"PVlG3 - 3'i 1 9e3r V1G~ - 3 s2 1 eSP VLGD 
-93%22£SPVJEA -S61%22fSPVJEB -93%22 fSPVJEC +67 5%24f SPVJED -39%21 f SPVJFA 
■57%21iE?VJFB -3S s i21iSPVJFC +13:j'i23iS?VJFD -i:;!22iSPVj:,A +1!: , i22L^7V7GE 
■^5%22iE?VJG~ +1!; s i2iiSPVJ^D -3 3's2 1 t S PVKE A - i ': %21 t HPVKEB ■» 3 3 t 2 1 i SPVKEC 
-135%23fSPVKED -15 , s2 0tSPVKFA - 3%2 3 t SPVKFB +15%20f SPVKFC +27%22£SPVKFD 
■9't21tSPVKGA +9%21fSPVKGB +9%211SPVKGC +3 12 3 i SPVKGD - 1 !; : s22 i SPVLEA +45%22f SPVLEB 
■■■5%22iE?VlE~ -1:; ! i2',iSPVlID - ■', \ 2 _ i LvPVlFA + 3'i2 _ i ?- V1F3 -3'i23iSrVLF:: -3 , i23tSPVLFI: 
-3 ;22LSPVLGA +3s22iEPVL^E +3 * 22 i ?PVL^C +3 s i24fSPVLGD 



Appendix B 



Explicit definitions reproducing 
all major results given in the 
text 

For the sake of reproducibility, LambdaTensor definitions that reproduce the 
main results of this work are given here. This may also serve as a start- 
ing point for further investigations of the potentials of gauged maximal su- 
pergravities and furthermore gives many examples how to work with the 
LambdaTensor package. In order not to make this appendix overly long, 
most consistency cross-checks originally present in the code have been omit- 
ted here. Furthermore, due to typographical reasons (LISP code easily tends 
to become quite wide), and since this appendix presupposes quite deep knowl- 
edge of LISP, the decision was made to typeset it in a rather small font. 
Although the LambdaTensor package (which itself is much too large to be 
presented here, consisting of 20 000+ lines of code and documentation) should 
be considered an integral part of this work, no knowledge of LISP is neces- 
sary to use the data on vacua obtained here. However, it should perhaps 
be noted that, despite considerable diligence on the author's side, there still 
is some chance that in the process of transliteration from LISP to physical 
notation, which still is not fully automatized and hence prone to human er- 
rors, occasional mistakes occurred, or some ambiguity remained. Thus, for 
any formula in question, the LISP definition should be considered as known 
good and machine checked. 

B.l The partial SU (3)di a g potential 

(eval-when (compile load eval) 
(progn 
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(require : e8-supergravity) 
(use-package : lambdatensor) 
(use-package : tf-spellbook) ) ) 



First of all, we have to set up the set of variables 
; ; we are going to use 

(setf *poexp-vars* 

(map ' simple-array # ' identity 

' (w z lambdal lambda2 a phi theta psi))) 

(setf (sp-arith- converter *sp-arith-poexp*) 

#' (lambda (x) (poexp-converter x *poexp-vars*) ) ) 



; ; The embedding tensor 

(def var theta-so8xso8 (e8-theta-so-p 8) ) 

;; E7 is parametrized as in [PhysA Lett.\ B {\bf 128> (1983) 169.] 
;; These singlets correspond to G1+ and G2+ given there. 

(defvar ac-gl+ 
(sp-x ' (e8-a) 
1/4 

' ( , ixmap-e8-sol6-alphabeta e8-a alpha beta) 
' (, (sp+ 

(sp-x ' (alpha beta) 

• (,so8-sigma-ijkl-ab (:fix 0) (:fix 1) (:fix 2) (:fix 3) 
alpha beta)) 

(sp-x ' (alpha beta) 

' (,so8-sigma-ijkl-ab (:fix 0) (:fix 1) (:fix 4) (:fix 5) 
alpha beta)) 

(sp-x ' (alpha beta) 

1 (,so8-sigma-ijkl-ab (:fix 0) (:fix 1) (:fix 6) (:fix 7) 
alpha beta))) 

alpha beta))) 



(defvar ac-g2+ 
(sp-x '(e8-a) 
1/4 

' ( , ixmap-e8-sol6-alphabeta e8-a alpha beta) 
' (, (sp+ 

'(-1 , (sp-x '(alpha beta) 

' (,so8-sigma-ijkl-ab (:fix 0) (:fix 2) (:fix 4) (:fix 6) 
alpha beta))) 

(sp-x ' (alpha beta) 

' (,so8-sigma-ijkl-ab (:fix 0) (:fix 2) (:fix 5) (:fix 7) 
alpha beta)) 

(sp-x ' (alpha beta) 

' (,so8-sigma-ijkl-ab (:fix 0) (:fix 3) (:fix 4) (:fix 7) 
alpha beta)) 

(sp-x ' (alpha beta) 

' (,so8-sigma-ijkl-ab (:fix 0) (:fix 3) (:fix 5) (:fix 6) 
alpha beta))) 

alpha beta))) 

;; Next, we have to lift anti-hermitian SU(8) generators 

;; built out of LISP numbers to the corresponding S0(16) generators 

(defun translate-su8-sol6 (su8) 
(declare (optimize (speed 3))) 
(let ((sol6 (make-sp-array '(16 16)))) 
(sp-do 

#' (lambda (pos val) 

(declare (type (simple-array f ixnum (2) ) pos) ) 
(let* ((pi (aref pos 0)) 

(p2 (aref pos 1)) 

(pl+8 (i+ pi 8)) 

(p2+8 (i+ p2 8)) 

;; NOTE: if we were using some more generic algebra, 

;; we would have to employ (sp-arith-conj arith) here. 

(vr (realpart val) ) 

(vi (imagpart val) ) ) 
(declare (f ixnum pi p2 pl+8 p2+8)) 
(sp-set! sol6 vr pi p2) 
(sp-set! sol6 vr pl+8 p2+8) 

(sp-set! sol6 vi pl+8 p2) ; real p2 turned into imag pi 
(sp-set! sol6 (- vi) pi p2+8) ; imag turned into -real 
)) 

su8) 

(sp-scale sol6 1/2))) 
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(defun translate-su8-gen-e8 (su8) 

(let C(sol6 (translate-su8-sol6 su8))) 
(sp-x 'CeS-M e8-N) 
< (,sol6 I J) 

' (,ixmap-e8-sol6-i-j e8-IJ I J) 
'CeS-fabc e8-IJ e8-N e8-M)))) 



;; With these, we define the E8 analoga of the a, phi ,theta,psi 
;; rotation generators. 

(defvar gen-a 

(let (Csu8 (make -sp- array '(8 8) 
:with-entries 
' CC-3 6 6) (-3 7 7))))) 
(i-dotimes (j 6) 

(setf (sp-ref su8 j j) 1)) 
Ctranslate-su8-gen-e8 (sp-scale su8 (complex -1/4))))) 



(defvar gen-phi 

(let ((su8 (make-sp-array '(8 8) 
:with-entries 
'((1 6 6) (-1 7 7))))) 
(translate-su8-gen-e8 (sp-scale su8 (complex 1) ) ) ) ) 

(defvar gen-theta 

(let ((su8 (make-sp-array '(8 8) 
:with-entries 
•((-1 6 7) (17 6))))) 
(translate-su8-gen-e8 su8) ) ) 



(defvar gen-psi gen-theta) 



; ; Parametrization of SL(2) 



(defvar ac-W 
(sp-x '(e8-a) 

' (,ixmap-e8-sol6-i-j e8-a j 16 kl6) 

' ( , ixmap-sol6-il6-i jl6 j) 

' ( , ixmap-sol6-il6-i* kl6 k) 

'(, (sp-scale (sp-id 8) 1/4) j k) ) ) 



(defvar ac-z 
(sp-x ' (e8-a) 

' (,ixmap-e8-sol6-alphabeta e8-a alpha beta) 
'(, (sp-scale (sp-id 8) 1/4) alpha beta))) 

;; Note that there are four further singlets from the (56,2) 

;; in 248 -> (133,1) + (56,2) + (1,3) which we simply 

;; ignore here to reduce complexity. Hence, 

; ; We will probably not obtain all stationary points 

;; that break symmetry down to SU(3)_diag, 

;; and furthermore, we will probably get other false positives 
;; than coordinate system artefacts, which have to be eliminated. 

;; This corresponds to the potential (3.9) from hep-th/0207206 , 
;; but here with the SL(2) part fully parametrized. 

(defvar phi-so8xso8-e7xsl2-and-tensors 
(labels 

((e8-gen (x) 

(sp-ac-to-generator e8-f abc x) ) 
(poexp-simplif y (x) 

(sp-map #' (lambda (z) (poexp* z 1)) x))) 
(let* ( (rot-w (poexp-make-rot (e8-gen ac-w) ' w) ) 
(rot-z (poexp-make-rot (e8-gen ac-z) 'z) ) 
(rot-a (poexp-make-rot gen-a ' a) ) 
(rot-phi (poexp-make-rot gen-phi 'phi) ) 
(rot-theta (poexp-make-rot gen-theta 'theta) ) 
(rot-psi (poexp-make-rot gen-psi 'psi) ) 
(rot-gl+ (poexp-make-rot (e8-gen ac-gl+) ' lambdal) ) 
(rot-g2+ (poexp-make-rot (e8-gen ac-g2+) ' lambda2) ) 
(rot-gl2+ (poexp-simplif y (sp* rot-gl+ rot-g2+) ) ) 
(rot-compact-e7 
(poexp-simplif y (sp* (poexp-simplif y (sp* rot-a rot-phi) ) 

(poexp-simplif y (sp* rot-theta rot-psi))))) 
(rot-sl2 (poexp-simplif y (sp* rot-w rot-z) ) ) 
(rot-e7 (poexp-simplif y (sp* rot-compact-e7 rot-gl2+) ) ) 
(v-matrix (poexp-simplif y (sp* rot-sl2 rot-e7) ) ) 

;; Due to local S0(16) invariance of the potential, we can ignore 
;; the compact rhs factors. 
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*e8-last-computed-al* 
*e8-last-computed-a2* 
*e8-last-computed-t -tensor*) 
(declare (special *e8-last-computed-al* 
*e8-last-computed-a2* 
*e8-last-computed-t-tensor*) ) 
(let ( (potential (e8-potential-f rom-v-theta v-matrix theta-so8xso8) ) ) 
' ( ( : potential . , potential) 

( : al . , *e8-last-computed-al*) 
( : a2 . , *e8-last-computed-a2*) 
( :t-tensor . ,*e8-last-computed-t-tensor*) ) 

)))> 



B.2 The 50(6) d iag potentials 



(eval-when (compile load eval) 
(progn 

(require : e8-supergravity) 
(use-package : lambdatensor) 
(use-package : tf-spellbook) ) ) 

;; XXX still relics in the code for forming an embedding tensor! 

(defun e8-so-p-8-p-diag-gen-acs (p &key (only-first nil)) 
(let ( (gen-acs-1 nil) 
(gen-acs-2 nil)) 
(dotimes (k p) 
(dotimes (j k) 
(ppush gen-acs-1 
(cons +1 

(sp-x < (e8) 

' ( , ixmap-e8-sol6-ij e8 ijl6) 

' ( , ixmap-sol6-ij-i-j ijl6 il6 jl6) 

' (,ixmap-sol6-I16-i il6 i8) 

' (,ixmap-sol6-I16-i jl6 j8) 

' ( , so8-sigma-ij-ab i8 j8 ( : f ix , j ) ( : f ix ,k) ) 

))> 

(ppush gen-acs-2 
(cons -1 

(sp-x ' (e8) 

' ( , ixmap-e8-sol6-ij e8 ijl6) 
' ( , ixmap-sol6-ij-i-j ijl6 il6 jl6) 
' (,ixmap-sol6-I16-i* il6 i8*) 
' (,ixmap-sol6-I16-i* jl6 j8*) 

' (,so8-sigma-ij-ab i8* j8* (:fix ,j) (:fix ,k)) 
))))) 

(if (not only-first) 

(do ((j p j))) 
C(i= j 8)) 
(do ((k (il+ j) (il+ k))) 
C(i= k 8)) 
(ppush gen-acs-2 
(cons -1 

(sp-x ' (e8) 

' ( , ixmap-e8-sol6-ij e8 ij 16) 

' (,ixmap-sol6-ij-i-j ijl6 il6 jl6) 

' ( , ixmap-sol6-I16-i il6 i8) 

' (,ixmap-sol6-I16-i j 16 j8) 

' (,so8-sigma-ij-ab i8 j8 (:fix ,j) (:fix ,k)) 
))) 

(ppush gen-acs-1 
(cons +1 

(sp-x ' (e8) 

' (,ixmap-e8-sol6-ij e8 ijl6) 
' ( , ixmap-sol6-ij-i-j ijl6 il6 jl6) 
' (,ixmap-sol6-I16-i* il6 i8*) 
' (,ixmap-sol6-I16-i* jl6 j8*) 

' ( ,so8-sigma-i j-ab i8* j8* ( :f ix , j) ( :f ix ,k) ) 

)))))) 

(map 'simple-array #' (lambda (x y) (sp+ (cdr x) (cdr y) ) ) gen-acs-1 gen-acs-2))) 
(def var diag6 (e8-so-p-8-p-diag-gen-acs 6) ) 

(def var diag6-singlets (sp-ac-singlets e8-f abc diag6 e8-scalars) ) 

(def var diag6-singlets+sol6 (sp-ac-singlets e8-f abc diag6 e8-scalars+sol6) ) 

(def var diag6a (e8-so-p-8-p-diag-gen-acs 6 : only-first t) ) 

(def var diag6a-singlets (sp-ac-singlets e8-fabc diag6a e8-scalars) ) ; ; seven 
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(defvar diag6a-singlets+sol6 (sp-ac-singlets e8-fabc diag6a e8-scalars+sol6) ) ; eleven (SL(3) x SL(2) = 8+3) 

(def var ul-generator (sp+ (aref diag6-singlets+sol6 5) (aref diag6-singlets+sol6 8) ) ) 

(defvar sl2 

(make-array 3 : initial- contents 

(list (sp+ ' (1/4 , ul-generator) ) 
(sp-x f (e8) 

' ( , ixmap-e8-sol6-alphabeta e8 alpha beta) 

'(, (make-sp-array '(8 8) : with-entries '((+1/2 6 6) (-1/2 7 7))) alpha beta)) 
(sp-x f (e8) 

' ( , ixmap-e8-sol6-alphabeta e8 alpha beta) 

'(, (make-sp-array '(8 8) : with-entries '((+1/2 6 7) (+1/2 76))) alpha beta))))) 

(defvar sl3 

(let* ( (sl3-v0 (sp-lin-indep-ac- commutators e8-f abc diag6-singlets+sol6 diag6-singlets+sol6) ) 
(s (copy-seq sl3-v0))) 
(setf (aref s 6) (sp+ '(-1 , (aref sl3-v0 6)) '(1/4 , (aref sl3-v0 7)))) 
(setf (aref s 7) (sp+ '(+1 , (aref sl3-v0 6)) '(1/4 , (aref sl3-v0 7)))) 
(map ' simple-array 

#' (lambda (x scale) (sp-scale x scale)) s '(-1/6 -1/6 -1/2 1/6 1/6 1/2 1/2 1/2)) 
;; The minus signs for the first three generators make the structure constants equal +epsilon3. 

)> 



(defvar sl3-g_ab 

(let ((mx (make-sp-array '(8 8)))) 
(dotimes (j 8) 
(dotimes (k 8) 

(let ((sprod (* 1/60 

(sp-ref (sp-x '() <(,e8-g_ab a b) <(,(aref sl3 j) a) 1 ( , (aref sl3 k) b)))))) 
(sp-set! mx sprod j k)))) 

mx) ) 

(defvar sl3-g~ab (sp-invert sl3-g_ab) ) 

(def un sl3-de compose (e8-ac) 

(let ( (v (make-sp-array ' (8) ) ) ) 
(dotimes (c 8) 

(let ((coeff (* (sp-ref sl3-g~ab c c) 

(sp-ref (sp-x ' () '(,e8-eta p q) '(,(aref sl3 c) p) '(,e8-ac q)))))) 
(sp-set! v coeff c))) 

v)) 

(defvar sl3-f abc 

(let ((fabc (make-sp-array '(8 8 8)))) 
(dotimes (a 8) 
(dotimes (b 8) 

(let* ((ab (e8-ac-[] (aref sl3 a) (aref sl3 b) ) ) 
(vc (sl3-decompose ab) ) ) 
(sp-do #' (lambda (p v) (sp-set! fabc v a b (aref p 0))) vc)))) 

fabc) ) 



;; (sp-check-jacobi sl3-fabc) ==> T 



(defvar data-so62 

(let* ( (delta8-ij (sp-generate-indexsplit-tensor 16 ' (8) ) ) 

(delta8-ij-8 (sp-generate-indexsplit-tensor 16 ' (8) : of f se 
(pi (sp-x ' (e8-c e8-b) 
1/2 1/2 

( (, (make-sp-array '(8 8) : with-entries '((1 6) 



' (, (sp+ 



' (+1 , (sp-x 

' (-1 ,(sp-x 

' (+1 ,(sp-x 

' (-1 ,(sp-x 



(Ix Jx 

(Ix Jx 

(Ix Jx 

(Ix Jx 



) 



(p2 (sp-x 



Ix Jx i j) 
( , ixmap-sol6-ij-i- j IJ Ix Jx) 
( , ixmap-e8-sol6-ij e8-a IJ) 
(,e8-fabc e8-a e8-b e8-c))) 
(e8-c e8-b) 
1/2 1/2 
(,(sp-id 8) i j) 
(,(sp+ '(+1 , (sp-x ' (Ix Jx i j) 
'(-1 , (sp-x ' (Ix Jx i j) 
(,ixmap-e8-sol6-ij e8-a ij) 
(,ixmap-sol6-ij-i-j ij Ix Jx) 
(,e8-fabc e8-a e8-b e8-c))) 



(1 1 7) (-1 2 5) (13 4))) 
'(,delta8-ij Ix i) ' ( ,delta8-ij-8 Jx j))) 
' (,delta8-ij-8 Jx i) 'CdeltaS-ij Ix j))) 
' (,delta8-ij-8 Ix i) 'CdeltaS-ij Jx j))) 
'(,delta8-ij Jx i) ' (,delta8-ij-8 Ix j))) 



' (,delta8-ij-8 Ix i) ' (,delta8-ij Jx j))) 
'(,delta8-ij Ix i) ' (,delta8-ij-8 Jx j)))) Ix Jx i j) 



(p3 (sp-x ' (e8-c e8-b) 
-1/2 1/2 
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' ( , (make-sp-array '(8 8) :with-entries '((1 6) (1 1 7) (-1 2 5) (1 3 4))) i j) 
'(,(sp+ '(+1 ,(sp-x ' (Ix Jx i j) '(,delta8-ij Ix i) ' ( ,delta8-ij Jx j))) 
'(-1 ,(sp-x '(Ix Jx i j) '(,delta8-ij Jx i) 'CdeltaS-ij Ix j))) 
'(-1 ,(sp-x '(Ix Jx i j) ' (,delta8-ij-8 Ix i) ' (,delta8-ij-8 Jx j))) 
'(+1 ,(sp-x '(Ix Jx i j) ' (,delta8-ij-8 Jx i) ' (,delta8-ij-8 Ix j))) 
) 

Ix Jx i j) 
' ( , ixmap-sol6-ij-i-j IJ Ix Jx) 
' ( , ixmap-e8-sol6-ij e8-a IJ) 
'(,e8-fabc e8-a e8-b e8-c))) 
(p4 (sp-x '(e8-c e8-b) 
1/2 

'(, (make-sp-array '(8 8) : with-entries '((1 1) (-1 23) (14 5) (1 6 7))) c* d*) 
'(,(sp+ '(+1 , (sp-x '(a* b* c* d*) '(, (sp-id 8) a* c*) '(,(sp-id 8) b* d*))) 
'(-1 , (sp-x '(a* b* c* d*) '(, (sp-id 8) b* c*) '(,(sp-id 8) a* d*)))) 
a* b* c* d*) 
' ( , ixmap-e8-sol6-alpha*beta* e8-a a* b*) 
'CeS-fabc e8-a e8-b e8-c))) 
(p5 (sp-x ' (e8-c e8-b) 
1/2 

' (, (sp-id 8) a* b*) 

' ( , ixmap-e8-sol6-alpha*beta* e8-a a* b*) 

'(,e8-fabc e8-a e8-b e8-c))) 
(p6 (sp-x ' (e8-c e8-b) 

'(, (make-sp-array '(8 8) :with-entries '((167) (-1 7 6))) a b) 

' ( , ixmap-e8-sol6-alphabeta e8-a a b) 

'(,e8-fabc e8-a e8-b e8-c))) 
(p7 (sp-x ' (e8-c e8-b) 

1/2 

'(, (sp-id 8) a b) 

' ( , ixmap-e8-sol6-alphabeta e8-a a b) 
'(,e8-fabc e8-a e8-b e8-c))) 

(p8 
(sp+ p7 

'(-2 

, (sp-x ' (e8-c e8-b) 

'(, (make-sp-array '(8 8) :with-entries '((166) (+1 7 7))) a b) 
' ( , ixmap-e8-sol6-alphabeta e8-a a b) 
'(,e8-fabc e8-a e8-b e8-c))))) 



(ql (sp-x '(e8-c e8-b) 
1/4 1/2 

'(, (make-sp-array '(8 8) :with-entries '((1 06) (11 7) (-1 25) (13 4))) i j) 
'(,(sp+ '(+1 ,(sp-x ' (Ix Jx i j) '(,delta8-ij Ix i) ' ( ,delta8-ij Jx j))) 
'(-1 ,(sp-x ' (Ix Jx i j) '(,delta8-ij Jx i) '(,delta8-ij Ix j))) 
'(+1 , (sp-x ' (Ix Jx i j) ' (,delta8-ij-8 Ix i) ' (,delta8-ij-8 Jx j))) 
'(-1 ,(sp-x '(Ix Jx i j) ' (,delta8-ij-8 Jx i) ' (,delta8-ij-8 Ix j))) 
) 

Ix Jx i j) 

' ( , ixmap-sol6-ij-i-j IJ Ix Jx) ; note to include a factor 1/2 since we are mapping I J -> IJ! 
' ( , ixmap-e8-sol6-ij e8-a IJ) 
'(,e8-fabc e8-a e8-b e8-c))) 
(q2 (sp-x ' (e8-c e8-b) 
1/2 

'(, (make-sp-array '(8 8) :with-entries '((166) (-1 7 7))) a b) 
' ( , ixmap-e8-sol6-alphabeta e8-a a b) 
'(,e8-fabc e8-a e8-b e8-c))) 
(q3 (sp-x '(e8-c e8-b) 
1/2 

'(, (make-sp-array '(8 8) :with-entries '((1 6 7) (17 6))) a b) 
' ( , ixmap-e8-sol6-alphabeta e8-a a b) 
'(,e8-fabc e8-a e8-b e8-c)))) 
( ((:sl3 . .(vector pi p2 p3 p4 p5 p6 p7 p8)) 
(:sl2 . .(vector ql q2 q3))))) 

#1 

(dotimes (j 8) 

(format t "~A: ~A " j 

(sp-multiple-p (sp-ac-to-generator e8-f abc (aref sl3 0) ) 
(aref (cav data-so62 :sl3) 0)))) 
=> 0: 1 1:1 2:1 3:1 4:1 5:1 6:1 7:1 
l# 



; ; dr is the defining representation. 
Cdefvar sl3-dr 

(map 'simple-array #' (lambda Ce) (make-sp-array '(3 3) :with-entries e)) 

'( 

((1 1 2) (-1 2 1)) 

((1 1) (-1 1 0)) 

((1 2 0) (-1 2)) 
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(Cl 12) (12 1)) 

(Ci o l) Cl l 0)) 

(C-l 2 0) (-1 2)) 

(C-i oo) (11 D) 

(Cl 0) (1 1 1) (-2 2 2))))) 
(defvar sl2-dr 

(map 'simple-array #' (lambda (e) (make-sp-array ' (2 2) : with-entries e)) 

■( 

((1/2 1) (-1/2 1 0)) 
((1/2 0) (-1/2 1 D) 
((1/2 1) ( 1/2 1 0)) 
))) 

(defvar sl3-g_ab-dr 

(let ((mx (make-sp-array '(8 8)))) 
(dotimes (j 8) 
(dotimes (k 8) 

(let ( (sprod (sp-trace (sp* (aref sl3-dr j ) (aref sl3-dr k) ) ) ) ) 
(sp-set! mx sprod j k) ) ) ) 

mx)) 

(defvar sl3-g~ab-dr (sp- invert sl3-g_ab-dr) ) 

(defvar sl3-f abc-dr 
(labels 

( (sl3-decompose-dr (gen) 

(let ((v (make-sp-array '(8)))) 
(dotimes (c 8) 

(let ((coeff (* (sp-ref sl3-g~ab-dr c c) (sp-trace (sp* gen (aref sl3-dr c)))))) 
(sp-set! v coeff c))) 

v))) 

(let ((fabc (make-sp-array '(8 8 8)))) 
(dotimes (a 8) 
(dotimes (b 8) 

(let* ((ab (sp-[] (aref sl3-dr a) (aref sl3-dr b))) 
(vc (sl3-decompose-dr ab) ) ) 
(sp-do #' (lambda (p v) (sp-set! fabc v a b (aref p 0))) vc)))) 
fabc))) 

;; (sp+ sl3-fabc '(-1 , sl3-f abc-dr) ) => 

; ; The generic SL(3) coset element (mod right SD(16) rotation) , 
;; extended by a SL(2) rotation 

(defvar v-rot-so62 

(let* ( (rot-s (poexp-make-rot (sp-ac-to-generator e8-f abc (sp-scale (aref sl3 6) -1) ) 's) ) 
; ; Note : this corresponds to diag(l ,-1,0) 

(rot-z (poexp-make-rot (sp-ac-to-generator e8-f abc (aref sl3 7) ) 'z) ) 
(rot-sz (sp* rot-s rot-z)) 

(rot-xl (poexp-make-rot (sp-ac-to-generator e8-f abc (sp-scale (aref sl3 0) +1) ) ' rl) ) 

(rot-x2 (poexp-make-rot (sp-ac-to-generator e8-f abc (sp-scale (aref sl3 2) +1) ) 'r2) ) 

(rot-x3 (poexp-make-rot (sp-ac-to-generator e8-f abc (sp-scale (aref sl3 1) +1) ) *r3) ) 

(rot-xl23-sz (sp* rot-xl (sp* rot-x2 (sp* rot-x3 rot-sz)))) 

(rot-v (poexp-make-rot (sp-ac-to-generator e8-f abc (aref sl2 1) ) ' v) ) 

(rot-x5 (poexp-make-rot (sp-ac-to-generator e8-f abc (aref sl2 0) ) ! r5) ) 

(rot-sl2 (sp* rot-x5 rot-v)) 

(rot-sl3xsl2 (sp* rot-xl23-sz rot-sl2)) 

) 

(sp-map #' (lambda (x) (poexp* 1 x) ) rot-sl3xsl2) ) ) 

(defvar phi-so6-so62 (poexp* 1 (e8-potential-f rom-v-theta v-rot-so62 (e8-theta-so-p 6) ) ) ) 
(defvar phi-so6-so71 (poexp* 1 (e8-potential-f rom-v-theta v-rot-so62 (e8-theta-so-p 7) ) ) ) 
(defvar phi-so6-so8 (poexp* 1 (e8-potential-f rom-v-theta v-rot-so62 (e8-theta-so-p 8) ) ) ) 



B.3 The 50(5) diag potentials 

The code given here is a bit more elaborate than for the other cases to 
demonstrate the process used to identify the SL(3) generators. 



(eval-when (compile load eval) 
(progn 
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(require : e8-supergravity) 
(use-package : lambdatensor) 
(use-package : tf -spellbook) ) ) 

(setf *bytes-consed-between-gcs* 40000000 *gc-verbose* nil) 

(defun e8-so-p-diag-gen-acs (p &key (start 0)) 
(let ( (gen-acs-1 nil) 
(gen-acs-2 nil)) 
(dotimes (k p) 
(dotimes ( j k) 
(ppush gen-acs-1 

(sp-x f (e8) 

' ( , ixmap-e8-sol6-i j e8 i j 16) 

' ( , ixmap-sol6-ij -i-j ijl6 il6 j 16) 

' (,ixmap-sol6-I16-i il6 i8) 

' (,ixmap-sol6-I16-i j 16 j8) 

' ( , so8-sigma-ij-ab i8 j8 (:fix , (+ j start)) (:fix , (+ k start))) 
)) 

(ppush gen-acs-2 

(sp-x ' (e8) 

' ( , ixmap-e8-sol6-i j e8 i j 16) 
' ( , ixmap-sol6-ij -i-j ijl6 il6 j 16) 
' ( , ixmap-sol6-I16-i* il6 i8*) 
' ( , ixmap-sol6-I16-i* jl6 j8*) 

' ( , so8-sigma-ij-ab i8* j8* (:fix , (+ j start)) (:fix , (+ k start))) 
)))) 

(map 'simple-array #' (lambda (x y) (sp+ x y) ) gen-acs-1 gen-acs-2))) 

(def var so5_diag-v-ac (e8-so-p-diag-gen-acs 5) ) 

(def var so3_diag-v-ac (e8-so-p-diag-gen-acs 3 : start 5) ) 

(def var so2_diag-v-ac (e8-so-p-diag-gen-acs 2 : start 5) ) 

(defvar so5xso3-singlets 

(sp-ac-singlets e8-f abc (concatenate 'list so5_diag-v-ac so3_diag-v-ac) e8- scalar s) ) 

(defvar v-rot-so5xso3 

(let* ((*HEURISTIC-FACT0RIZE-P0LYNDME-ALS0-TRY-THESE-ZER0ES* ' (1/4)) 
(ac-W 
(sp-x '(e8-a) 

' ( ,ixmap-e8-sol6-i-j e8-a jl6 kl6) 
' ( , ixmap-sol6-il6-i jl6 j) 
' (,ixmap-sol6-il6-i* kl6 k) 
'(,(sp-scale (sp-id 8) 1/4) j k) ) ) 



(ac-Z 
(sp-x 



(ac-M 
(sp-x 



(e8-a) 

(,ixmap-e8-sol6-alphabeta e8-a alpha beta) 
(,(sp-scale (sp-id 8) 1/4) alpha beta))) 



' (e8-a) 

' ( , ixmap-e8-sol6-alphabeta e8-a alpha beta) 
' ( , (sp-scale 

(make-sp-array '(8 8) : with-entries 

'((3 0) (3 1 1) (3 2 2) (3 3 3) (3 4 4) 
(-5 5 5) (-5 6 6) (-5 7 7))) 
1/4) alpha beta)))) 
(declare (special *HEURISTIC-FACT0RIZE-PDLYNQME-ALS0-TRY-THESE-ZER0ES*) ) 
(sp* (poexp-make-rot (sp-ac-to-generator e8-f abc ac-M) ' s) 
(poexp-make-rot (sp-ac-to-generator e8-f abc ac-W) 'u) 
(poexp-make-rot (sp-ac-to-generator e8-f abc ac-Z) 'z) ) ) ) 

(defvar phi-so5xso3-so5 

(poexp* 1 (e8-potential-f rom-v-theta v-rot-so5xso3 

(e8-theta-so-p 5)))) 



(defvar phi-so5xso3-so8 

(poexp* 1 (e8-potential-f rom-v-theta v-rot-so5xso3 

(e8-theta-so-p 8)))) 

(defvar so5xso2-singlets 
(sp-ac-singlets e8-f abc 

(concatenate 'list so5_diag-v-ac so2_diag-v-ac) 
e8-scalars) ) 

(defvar so5xso2-singlets+sol6 
(sp-ac-singlets e8-f abc 

(concatenate 'list so5_diag-v-ac so2_diag-v-ac) 
e8-scalars+sol6) ) 

; ; These are ten. 

; ; (length (sp-lin-indep-ac- commutators e8-f abc so5xso2-singlets+sol6 so5xso2-singlets+sol6) ) 
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;; => 8; 3c+5nc. This must be a SL(3) . 

; ; (length (sp-ac-commutator-closure e8-f abc so5xso2-singlets) ) 

;; => 9 

; ; (sp-total-dimension (concatenate 'list (sp-lin-indep-ac-commutators e8-f abc so5xso2-singlets+sol6 so5xso2-singlets+sol6) so5xso2-singlets) ) 

;; => there must be a singlet not contained in SL(3) . Hence, 5 Singlets from SL(5) and a single extra one. This is the picture. 

(defvar so3-in-sl3 

(sp-lin-indep-ac-commutators e8-f abc so5xso2-singlets so5xso2-singlets) ) 

(defvar non-sl3-singlet 

(aref (sp-ac-singlets e8-f abc so3-in-sl3 so5xso2-singlets) 0) ) ; only one 

(defvar sl3-noncompact 

(map ' simple-array #' sp-f rom-array 
(lint rans- core -and- complement 
# ' (lambda (v) 

(vector (sp-ref (sp-x '() '(,e8-eta a b) 

' ( ,non-sl3-singlet a) 
'(, (sp-f rom-array v) b))))) 
(map ' simple-array #' sp-to-array so5xso2- singlets) ) ) ) 

(defvar f ull-sl3 (sp-ac-commutator-closure e8-f abc sl3-noncompact) ) 

; ; (length (sp-ac-commutator-closure e8-fabc sl3-noncompact) ) => 8 
;; Hence, we now really have SL(3) . 

#i 

This shows that our generators are orthonormal . 

And all except the first one can easily be normalized to +-2; 

for the first one, 6 is natural, 

so we may want to identify this with diag(l , 1 , -2) . 

(dotimes (j 8) 
(dotimes (k 8) 

(format t "~A ~A: ~A~7." j k 

(sp-ref (sp-x '() '(,e8-eta a b) 

' (, (aref full-sl3 j) a) 
f (,(aref full-sl3 k) b) ) ) ) ) ) 

l# 

(defvar properly-normal ized-sl3 
(map ' simple-array 
#' (lambda (x) 

(let ( (sqrt-abs-norm~2/2 
(sqrt 
(* 1/2 (abs 

(sp-ref (sp-x ' () 

' ( , e8-eta a b) 
'(,x a) <(,x b)))))))) 
(format t "sqrt-abs-nornr2/2=~A~%" sqrt -abs-norm" 2/2) 
(if (= (floor sqrt-abs-norm"2/2) sqrt-abs-norm~2/2) 
(sp-scale x (/ (floor sqrt-abs-norm"2/2) ) ) 
x))) 
full-sl3)) 

(defvar sl3-pn properly-normal ized-sl3) 

(defvar sl3-pn-g_ab 

(let ( (mx (make-sp-array ' (8 8) ) ) ) 
(dotimes (j 8) 
(dotimes (k 8) 

(let ((sprod (sp-ref (sp-x ' () '(,e8-eta a b) '(,(aref sl3-pn j) a) '(,(aref sl3-pn k) b))))) 
(sp-set! mx sprod j k) ) ) ) 

mx)) 

(setf sl3-pn-g"ab (sp-invert sl3-pn-g_ab) ) 

(defun sl3-pn-decompose (e8-ac) 
(let ( (v (make-sp-array ' (8) ) ) ) 
(dotimes (c 8) 

(let ( (coef f (* (sp-ref sl3-pn-g"ab c c) 

(sp-ref (sp-x ' () '(,e8-eta p q) 

' (,(aref sl3-pn c) p) '(,e8-ac q)))))) 

(sp-set! v coeff c))) 

v» 



(defvar sl3-pn-f abc 

(let ((fabc (make-sp-array '(8 8 8)))) 
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(dotimes (a 8) 
(dotimes (b 8) 

(let* (Cab Ce8-ac-[] (aref sl3-pn a) (aref sl3-pn b) ) ) 
(vc (sl3-pn-decompose ab))) 
(sp-do #' (lambda (p v) (sp-set! fabc v a b (aref p 0) ) ) vc)))) 

fabc) ) 

;; By educated guess and trial and error, the following permutation was found: 

(setf sl3-reordered-f abc 
(let ( (re-ordering 

(make-sp-array '(8 8) 

: with-entries 

'((1 7) (1 7 1) (1 1 4) (1 2 6) 
(1 3 5) (1 4 3) (1 5 2) (1 6 0))))) 

(sp-x ' (ar br cr) 

' ( , re-ordering a ar) '(, re-ordering b br) ' ( , re-ordering c cr) 
' (,sl3-pn-fabc a b c)))) 

;; ...and with this re-ordering, we just have the same sl3 fabc commutation relations as in the SQ(6)_diag case, 
(defvar sl3 

(map 'simple-array #' (lambda (n) (aref sl3-pn n) ) 
#(6754132 0))) 

(defvar sl3-g_ab 

(let ( (mx (make-sp-array '(8 8)))) 
(dotimes (j 8) 
(dotimes (k 8) 

(let ((sprod (sp-ref (sp-x ' () '(,e8-eta a b) ' ( , (aref sl3 j) a) '(,(aref sl3 k) b) ) ) ) ) 
(sp-set! mx sprod j k)))) 

mx)) 

(defvar sl3-g~ab (sp-invert sl3-g_ab) ) 

(defun sl3-decompose (e8-ac) 

(let ( (v (make-sp-array ' (8) ) ) ) 
(dotimes (c 8) 

(let ( (coef f (* (sp-ref sl3-g"ab c c) 
(sp-ref (sp-x ' () 

' ( , e8-eta p q) 

' (, (aref sl3 c) p) 

<(,e8-ac q)))))) 

(sp-set! v coeff c))) 

v)) 

(defvar sl3-f abc 

(let ((fabc (make-sp-array '(8 8 8)))) 
(dotimes (a 8) 
(dotimes (b 8) 

(let* ((ab (e8-ac-[] (aref sl3 a) (aref sl3 b))) 
(vc (sl3-decompose ab))) 
(sp-do #' (lambda (p v) (sp-set! fabc v a b (aref p 0))) vc)))) 

fabc)) 

(sp+ sl3-fabc '(-1 ,sl3-reordered-f abc) ) => #<empty> 
;; Inspection shows that fabc is also the same as for the S0(6) case. 

(defvar v-rot-so52 

(let* ( (rot-s (poexp-make-rot (sp-ac-to-generator e8-f abc (sp-scale (aref sl3 6) -1) ) ' s) ) 
(rot-z (poexp-make-rot (sp-ac-to-generator e8-f abc (aref sl3 7) ) ' z) ) 
(rot-sz (sp* rot-s rot-z) ) 

(rot-xl (poexp-make-rot (sp-ac-to-generator e8-f abc (sp-scale (aref sl3 0) +1) ) 'rl) ) 

(rot-x2 (poexp-make-rot (sp-ac-to-generator e8-fabc (sp-scale (aref sl3 2) +1)) 'r2)) 

(rot-x3 (poexp-make-rot (sp-ac-to-generator e8-f abc (sp-scale (aref sl3 1) +1) ) 'r3) ) 

(rot-xl23-sz (sp* rot-xl (sp* rot-x2 (sp* rot-x3 rot-sz) ) ) ) 

(rot-v (poexp-make-rot (sp-ac-to-generator e8-f abc non-sl3- singlet) ' v) ) 

(rot-sl3xR (sp* rot-xl23-sz rot-v)) 

> 

(sp-map # ' (lambda (x) (poexp* 1 x) ) rot-sl3xR) ) ) 

(defvar phi-so5-so8 

(poexp* 1 (e8-potential-f rom-v-theta v-rot-so52 (e8-theta-so-p 8) ) ) ) 



(defvar phi-so5-so5 

(poexp* 1 (e8-potential-f rom-v-theta v-rot-so52 (e8-theta-so-p 5) ) ) ) 
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B.4 The 50(4) diag potentials 



(eval-when (compile load eval) 
(progn 

(require : e8-supergravity) 
(use-package : lambdatensor) 
(use-package :tf -spellbook) ) ) 

(eval-when (compile load eval) 
(progn 

(setf lambdatensor: : *poexp-vars* 

(coerce ' (V S W Z X RO Rl R2 R3 R4 R5) '(simple-array * (*)))) 
(setf (lambdatensor : : sp-arith-converter lambdatensor : : *sp-arith-poexp*) 

#' (lambda (x) (lambdatensor: :poexp-converter x lambdatensor: : *poexp-vars*) ) ) 

)> 

(setf *bytes-consed-between-gcs* 40000000 *gc-verbose* nil) 

(defun e8-so-p-diag-gen-acs (p &key (start 0)) 
[as in the SO (5) case]) 



(defvar so4a„diag-v-ac 

(defvar so3a,diag-v-ac 

(defvar so4b_diag-v-ac 

(defvar so3b_diag-v-ac 

(defvar so2b_diag-v-ac 



e8-so-p-diag-gen-acs 4) ) 

•so-p-diag-gen-acs 3) ) 

e8-so-p-diag-gen-acs 4 : start 4) ) 

•so-p-diag-gen-acs 3 : start 4) ) 

so-p-diag-gen-acs 2 : start 4) ) 



(defvar so4xso4-singlets 
(sp-ac- singlets e8-f abc 

(concatenate ' list so4a_diag-v-ac so4b_diag-v-ac) 
e8-scalars) ) 

(defvar so4xso3-singlets 
(sp-ac- singlets e8-f abc 

(concatenate ' list so4a_diag-v-ac so3b_diag-v-ac) 
e8-scalars) ) 



(defvar so3xso3-singlets 
(sp-ac- singlets e8-f abc 

(concatenate ' list so3a_diag-v-ac so3b_diag-v-ac) 
e8-scalars) ) 

; ; ten 



(defvar so4xso2-singlets 
(sp-ac- singlets e8-f abc 

(concatenate ' list so4a_diag-v-ac so2b_diag-v-ac) 
e8-scalars) ) 

; ; eleven 



(defvar so4xso3-singlets+sol6 
(sp-ac- singlets e8-f abc 

(concatenate ' list so4a_diag-v-ac so3b_diag-v-ac) 
e8-scalars+sol6) ) 



(defvar so3-singlet 

(aref (sp-ac-singlets e8-f abc so4xso4- singlets so4xso3- singlets) 0) ) 



(defun v-rot-so43 (v w s z x &key (type : symbolic)) 
(let* (Cac-W 

(sp-x ' (e8-a) 

' (,ixmap-e8-sol6-i-j e8-a jl6 kl6) 

' (,ixmap-sol6-il6-i jl6 j) 

' (,ixmap-sol6-il6-i* kl6 k) 

' (,(sp-scale (sp-id 8) 1/4) j k))) 

(ac-Z 
(sp-x ' (e8-a) 

' ( , ixmap-e8-sol6-alphabeta e8-a alpha beta) 
'(,(sp-scale (sp-id 8) 1/4) alpha beta))) 
(e4 (make -sp- array ' (8 8) : with-entries 

'((1 0) (1 1 1) (1 2 2) (1 3 3)))) 
(f4 (make-sp-array ' (8 8) : with-entries 

'((1 4 4) (1 5 5) (1 6 6) (1 7 7)))) 

(ac-Sl 
(sp-x ' (e8-a) 

'(,(sp+ '(1/4 ,e4) '(-1/4 ,f4)) a b) 
' ( , ixmap-e8-sol6-alphabeta e8-a a b))) 

(ac-S2 
(sp-x ' (e8-a) 

'(,(sp+ '(1/4 ,e4) '(-1/4 ,f4)) a* b*) 

' ( , ixmap-e8-sol6-alpha*beta* e8-a a* b*))) 
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(ac-V Ce8-ac-[] ac-sl ac-s2)) 
(ac-X (sp-x ' (e8) 

' C,ixmap-e8-sol6-alphabeta e8 alpha beta) 

' ( , (make-sp-array ' (8 8) 

:with-entries '((1 4 4) (15 5) (1 6 6) (-3 7 7))) 

alpha beta)))) 
; ; this is just so3-singlet 
(if (eq type : symbolic) 
(let* ( (rot-wz 

(sp* (poexp-make-rot (sp-ac-to-generator e8-f abc ac-W) w) 

(poexp-make-rot (sp-ac-to-generator e8-f abc ac-Z) z) ) ) 
(rot-vs 

(sp* (poexp-make-rot (sp-ac-to-generator e8-f abc ac-V) v) 

(poexp-make-rot (sp-ac-to-generator e8-f abc ac-Sl) s) ) ) 
(rot-x (poexp-make-rot (sp-ac-to-generator e8-f abc ac-X) x) ) ) 
(sp* (sp* rot-vs rot-wz) rot-x)) 
(labels 

((gen (g x) 
(sp-exp 
(sp-scale 

(sp-change-arith (sp-ac-to-generator e8-f abc g) *sp-arith-double-f loat*) 
x)))) 

(let* ((rot-wzw (sp* (gen ac-W w) (gen ac-Z z) (gen ac-W (- u)))) 
(rot-vsv (sp* (gen ac-V v) (gen ac-Sl s) (gen ac-V (- v) ) ) ) 
(rot-x (gen ac-X x))) 
(sp* rot-wzw rot-vsv rot-x)))))) 



(defvar phi-so43 

(poexp* 1 (e8-potential-f rom-v-theta 

(v-rot-so43 ' v ' w ' s 'z 'x : type : symbolic) 
(e8-theta-so-p 8)))) 



(defvar phi-so43-so4 

(poexp* 1 (e8-potential-f rom-v-theta 

(v-rot-so43 ' v ' w ' s 'z 'x : type : symbolic) 
(e8-theta-so-p 4)))) 

(defvar phi-so43-so7 

(poexp* 1 (e8-potential-f rom-v-theta 

(v-rot-so43 ' v ' w ' s 'z 'x : type : symbolic) 
(e8-theta-so-p 7)))) 



B.5 The G 2 (-u) x F^_ 2 q) potential 



(eval-when (compile load eval) 
(progn 

(setf lambdatensor : : *poexp-vars* 

(coerce 1 (V S W Z X RO Rl R2 R3 R4 R5 R6) '(simple-array * (*)))) 
(setf (lambdatensor : : sp-arith-converter lambdatensor: : *sp-arith-poexp*) 

#' (lambda (x) (lambdatensor: :poexp-converter x lambdatensor: : *poexp-vars*) ) ) 

)> 



(defvar ac-g2 

(map ' simple-array 
# ' (lambda (x) 
(sp-scale 
(sp-x ' (e8) 

' (,ixmap-e8-sol6-i-j e8 il6 j 16) 
' ( , ixmap-sol6-il6-i il6 i) 
' ( , ixmap-sol6-il6-i j 16 j) 
<(,x i j)) 

1/2)) 
g2-v8-vs)) 

(defvar ac-f 4 (sp-ac- singlets e8-f abc ac-g2 e8-scalars+sol6) ) 



(defvar theta-f4 

(reduce #' (lambda (sf x) (sp+ sf (sp-x '(a b) '(,x a) '(,e8-eta c b) '(,x c)))) ac-f4 
: initial-value (make-sp-array '(248 248)))) 

Now, for g2, we have to trick a bit... 

(defvar ac-g2o 

(map 'simple-array #' (lambda (x) (sp-f rom-vector x ' (248))) 

(orthogonal-basis (map ' simple-array #' sp-to-vector ac-g2) ) ) ) 
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; ; Note that theta-g2 has an extra factor -1 sneaking in from the division by (negative) generator "length~2". 

(defvar theta-g2 

(reduce #' (lambda (sf x) 

(let ((iprod (sp-ref (sp-x ' () '(,x a) '(,e8-eta a b) '(,x b))))) 

(sp+ sf (sp-scale (sp-x '(a b) '(,x a) '(,e8-eta c b) '(,x c)) (/ 1 iprod))))) 
ac-g2o : initial-value (make-sp-array '(248 248)))) 

(defvar theta-g2xf4 (sp+ theta-f4 '(+3/2 ,theta-g2))) 

; ; (e8-p27000 theta-g2xf 4) => 

(setf explicit-theta-g2xf 4 
(let* 

((delta7 (sp-antisymmetrizer 7 2)) 
(proj7 (sp+ (sp-id 8) (make-sp-array '(8 8) : with-entries '((-2 7 7))))) 
(delta78 (sp-x '(i j k 1) 

' (,delta7 i7 j7 k7 17) 

'(,proj7 i7 i) '(,proj7 j7 j) 

'C,proj7 k7 k) < (,proj7 17 1))) 

(traceless 

(sp+ (sp-id 8) (make-sp-array '(8 8) : with-entries '((-7 7 7)))))) 

(sp+ 

(sp-x ' (e8-a e8-b) 

' ( , ixmap-e8-sol6-alphabeta e8-a alpha beta) 
' ( , ixmap-e8-sol6-alphabeta e8-b gamma delta) 
'(, (sp-id 8) alpha gamma) 

'(, (sp-id 8) beta (:fix 7)) '(, (sp-id 8) delta (:fix 7))) 
(sp-x ' (e8-a e8-b) 

' ( , ixmap-e8-sol6-alpha*beta* e8-a alpha* beta*) 
' ( , ixmap-e8-sol6-alpha*beta* e8-b gamma* delta*) 
'(, (sp-id 8) alpha* gamma*) 

'(, (sp-id 8) beta* (:fix 7)) <(, (sp-id 8) delta* (:fix 7))) 
(sp-x ' (e8-a e8-b) 
-1 

' ( , ixmap-e8-sol6-ij e8-a ij ) 
' ( , ixmap-e8-sol6-ij e8-b kl) 
' (,ixmap-sol6-ij-i-j ij il6 j 16) 
' ( , ixmap-sol6-ij-i-j kl kl6 116) 
' ( , ixmap-sol6-il6-i il6 i) 
' ( , ixmap-sol6-il6-i* jl6 j) 
' (,ixmap-sol6-il6-i kl6 k) 
' ( , ixmap-sol6-il6-i* 116 1) 
'(, (sp-id 8) j 1) 
'(, (sp-id 8) i (:fix 7)) 
'(, (sp-id 8) k (:fix 7))) 
(sp-x ' (e8-a e8-b) 
-1/2 

' ( , ixmap-e8-sol6-ij e8-a ij ) 
' ( , ixmap-e8-sol6-ij e8-b kl) 
' (,ixmap-sol6-ij-i-j ij il6 j 16) 
' (,ixmap-sol6-ij-i-j kl kl6 116) 
' ( , ixmap-sol6-il6-i* il6 i) 
' ( , ixmap-sol6-il6-i* jl6 j) 
' ( , ixmap-sol6-il6-i* kl6 k) 
' (,ixmap-sol6-il6-i* 116 1) 
( (, (sp-antisymmetrizer 8 2) i j k 1)) 
(sp-x ' (e8-a e8-b) 
1/16 

' ( , ixmap-e8-sol6-ij e8-a ij ) 

' ( , ixmap-e8-sol6-ij e8-b kl) 

' ( , ixmap-sol6-ij-i-j ij il6 j 16) 

' (,ixmap-sol6-ij-i-j kl kl6 116) 

' (,ixmap-sol6-il6-i il6 i) 

' ( , ixmap-sol6-il6-i jl6 j) 

' ( , ixmap-sol6-il6-i kl6 k) 

' ( , ixmap-sol6-il6-i 116 1) 

' (,(sp+ '(8 ,delta78) 

'(-1/7 ,(sp-x '(i j kl) 

' ( , so8-sigma-i jkl-ab i j k 1 a b) 

'(, traceless a b) ) ) 
' (-1/7 , (sp-x '(i j kl) 

' ( , so8-sigma-ijkl-a*b* i j k 1 a b) 

' (.traceless a b) ) ) ) 

i j k 1))))) 



(sp+ '(-1 ,explicit-theta-g2xf4) theta-g2xf4) 

=> #<sparse (248 248) array [0/61504 entries, hash space=96, hash density=0 .000] > 
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;; Checks show that these indeed do form 8 -dimensional semisimple groups. 

(defvar ac-su3-left 

(map ' simple-array 
#' (lambda (x) 
(sp-scale 
(sp-x ' (e8) 

' ( , ixmap-e8-sol6-i-j e8 il6 j 16) 
1 ( , ixmap-sol6-il6-i il6 i) 
' ( , ixmap-sol6-il6-i jl6 j) 

i j)) 

1/2)) 

(sp-heuristic-singlets (list (sp-f rom-vector #(0 10) '(8))) 
g2-v8-vs 

:action #'(lambda (vec gen) (sp-x '(a) '(,gen a b) ( (,vec b)))))) 



(defvar ac-su3 -right 

(map ' simple-array 
#' (lambda (x) 
(sp-scale 
(sp-x ' (e8) 

' ( , ixmap-e8-sol6-i-j e8 il6 j 16) 
' ( , ixmap-sol6-il6-i* il6 i) 
' ( , ixmap-sol6-il6-i* j 16 j) 
<(,x i j)) 

1/2)) 

(sp-heuristic-singlets (list (sp-f rom-vector #(0 10) '(8))) 
g2-v8-vs 

:action #' (lambda (vec gen) (sp-x '(a) '(,gen a b) '(,vec b)))))) 

Note that these are part of G2 and F4: 

(sp-total-dimension ac-su3-lef t ac-g2) => 14 
; ; (sp-total-dimension ac-su3-right ac-f4) => 52 

(defvar su3-singlets (sp-ac-singlets e8-f abc (map 'simple-array # ' sp+ ac-su3-lef t ac-su3-right) 

e8-scalars) ) ; 12 

(defvar su3-singlets+sol6 (sp-ac-singlets e8-f abc (map ' simple-array #' sp+ ac-su3-lef t ac-su3-right) 

e8-scalars+sol6) ) ; 22 

;; Since this is a bit hard to do: alternative suggestion: study breaking to SU(3)xSU(3). 

(defvar su33-singlets (sp-ac-singlets e8-f abc (concatenate ' list ac-su3-left ac-su3-right) 

e8-scalars) ) ; 8 

(defvar su33-singlets+sol6 (sp-ac-singlets e8-f abc (concatenate ' list ac-su3-lef t ac-su3-right) 

e8-scalars+sol6)) ; 16 

(defvar su33-sol6 (sp-ac-singlets e8-f abc (concatenate ' list ac-su3-lef t ac-su3-right) e8-sol6) ) ; 8 
#1 

;; Note: the derivative of the SU(3)"2 singlets 16 is also a 16, hence no U(l) factors, 
(length (SP-LIN-INDEP-AC-COMMUTATDRS e8-fabc su33-sol6 su33-sol6)) ; => 6 
And these stay 6 under further derivative forming. Hence, S0(3)xS0(3). 
I# 

(setf aO (SP-LIN-INDEP-AC-CDMMUTATORS e8-fabc su33-sol6 su33-sol6)) 
(setf so3-a (list (sp+ (aref aO 0) '(-1 , (aref aO 5))) 

(sp+ (aref aO 1) '(-1 , (aref aO 4))) 

(sp+ (aref aO 2) (aref aO 3)))) 
(setf so3-b (list (sp+ (aref aO 0) (aref aO 5)) 

(sp+ (aref aO 1) (aref aO 4)) 

(sp+ (aref aO 2) '(-1 , (aref aO 3))))) 

(setf su21-a (sp-ac- commutator- closure e8-f abc 

(concatenate 'list so3-a 

(sp-lin-indep-ac-commutators e8-f abc so3-a su33-singlets) ) ) ) 

(setf su21-b (sp-ac- commutator- closure e8-f abc 

(concatenate 'list so3-b 

(sp-lin-indep-ac-commutators e8-f abc so3-b su33-singlets) ) ) ) 



(defvar v-rot-su33 

(let* ( (rot-s (poexp-make-rot (sp-ac-to-generator e8-f abc (aref su21-a 4) ) ' s) ) 
(rot-z (poexp-make-rot (sp-ac-to-generator e8-f abc (aref su21-b 4) ) 'z) ) 
(rot-sz (sp* rot-s rot-z) ) 
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(rot-xl (poexp-make-rot (sp-ac-to-generator e8-f abc (aref su21-a 0) ) 'rl) ) 

(rot-x2 (poexp-make-rot (sp-ac-to-generator e8-f abc (aref su21-a 1) ) 'r2) ) 

(rot-x3 (poexp-make-rot (sp-ac-to-generator e8-fabc (aref su21-a 2)) 'r3)) 

(rot-x4 (poexp-make-rot (sp-ac-to-generator e8-f abc (aref su21-b 0) ) 'r4) ) 

(rot-x5 (poexp-make-rot (sp-ac-to-generator e8-f abc (aref su21-b 1) ) 'r5) ) 

(rot-x6 (poexp-make-rot (sp-ac-to-generator e8-f abc (aref su21-b 2) ) 'r6) ) 
(rot-xl23 (sp* rot-xl (sp* rot-x2 rot-x3))) 
(rot-x456 (sp* rot-x4 (sp* rot-x5 rot-x6) ) ) 
(rot-xsz (sp* rot-xl23 (sp* rot-x456 rot-sz) ) ) ) 
(sp-map # ' (lambda (x) (poexp* 1 x) ) rot-xsz) ) ) 



(map ' simple-array 
#' sp-multiple-p 
(vector (aref su21-a 4) 
(aref su21-a 0) 
(aref su21-b 0) 



(aref su21-b 4) 

(aref su21-a 1) (aref su21-a 2) 
(aref su21-b 1) (aref su21-b 2) 



(vector 
(sp-x ' (e8) 
-1/2 

' ( , ixmap-e8-sol6-alpha*beta* e8 alpha* beta*) 
'(,(sp+ ' C+l , Csp-x ' (alpha* beta*) '(,(sp-id 8) 
' (-1 , Csp-x ' (alpha* beta*) '(,(sp-id 8) 
alpha* beta*)) 

(sp-x ' Ce8) 
-1/2 

' ( , ixmap-e8-sol6-alpha*beta* e8 alpha* beta*) 
'(,(sp+ '(+1 , (sp-x '(alpha* beta*) '(,(sp-id 8) 
'(+1 , (sp-x '(alpha* beta*) '(,(sp-id 8) 
alpha* beta*)) 

(sp-x ' (e8) 



alpha* (:fix 
alpha* (:fix 



alpha* (:fix 
alpha* (:fix 



D) '(,(sp-id 8) beta* (:fix 7)))) 
7)) '(,(sp-id 2) beta* (:fix 1))))) 



D) '(,(sp-id 8) beta* (:fix 7)))) 
7)) '(,(sp-id 2) beta* (:fix 1))))) 



(sp-x 



' ( , ixmap-e8-sol6-i j e8 ij) 
' (,ixmap-sol6-ij-i-j ij il6 jl6) 
' ( , ixmap-sol6-il6-i il6 i) 
' ( , ixmap-sol6-il6-i* jl6 j) 
'(,(sp+ '(+1 ,(sp-x '(i j) '(,(sp-id 8) 
'(-1 ,(sp-x '(i j) '(,(sp-id 8) 

i j)> 
'(e8) 



(:fix 
(:fix 



6) ) '(,(sp-id 

7) ) '(,(sp-id 



8) j (:fix 7)))) 
8) j (:fix 6))))) 



(sp-x 



' ( , ixmap-e8-sol6-i j e8 ij) 
' ( , ixmap-sol6-ij-i-j ij il6 jl6) 
' ( , ixmap-sol6-il6-i il6 i) 
' ( , ixmap-sol6-il6-i* jl6 j) 
'(,(sp+ '(+1 ,(sp-x '(i j) '(,(sp-id 8) 
'(+1 ,(sp-x '(i j) '(,(sp-id 8) 

i j» 
'(e8) 



(:f ix 
(:fix 



6) ) '(,(sp-id 

7) ) '(,(sp-id 



8) j (:fix 6)))) 
8) j (:fix 7))))) 



(sp-x 



' ( , ixmap-e8-sol6-i j e8 ij) 

' ( , ixmap-sol6-ij-i-j ij il6 jl6) 

'(,(sp+ '(+1 ,(sp-x '(116 jl6) 



' (-1 , (sp-x 



il6 jl6)) 
'(e8) 



1 ( , ixmap-sol6-il6-i il6 i) 
1 ( , ixmap-sol6-il6-i j 16 j) 

'(,(sp-id 8) i (:fix 6)) '(,(sp-id 8) j (:fix 7)))) 
' (il6 jl6) 

' ( , ixmap-sol6-il6-i* il6 i) 
' ( , ixmap-sol6-il6-i* jl6 j) 

'(,(sp-id 8) i (:fix 6)) '(,(sp-id 8) j (:fix 7))))) 



' ( , ixmap-e8-sol6-i j e8 ij) 

' (,ixmap-sol6-ij-i-j ij il6 jl6) 

' ( , ixmap-sol6-il6-i il6 i) 

' ( , ixmap-sol6-il6-i* jl6 j) 

'(,(sp+ '(+1 ,(sp-x '(i j) '(,(sp-id 8) i (:fix 6)) '(,(sp-id 8) j (:fix 7)))) 
'(+1 ,(sp-x '(i j) '(,(sp-id 8) i (:fix 7)) '(,(sp-id 8) j (:fix 6))))) 

i j» 
(sp-x ' (e8) 

-2 

' ( , ixmap-e8-sol6-i j e8 ij) 

' ( , ixmap-sol6-ij-i-j ij il6 jl6) 

' ( , ixmap-sol6-il6-i il6 i) 

' ( , ixmap-sol6-il6-i* jl6 j) 

'(,(sp+ '(+1 ,(sp-x '(i j) '(,(sp-id 8) i (:fix 6)) '(,(sp-id 8) j (:fix 6)))) 
'(-1 ,(sp-x '(i j) '(,(sp-id 8) i (:fix 7)) '(,(sp-id 8) j (:fix 7))))) 

i j» 
(sp-x ' (e8) 

-2 

' ( , ixmap-e8-sol6-i j e8 ij) 

' (,ixmap-sol6-ij-i-j ij il6 jl6) 
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'(,(sp+ '(+1 ,(sp-x ( (il6 jl6) 

' ( , ixmap-sol6-il6-i il6 i) 
' C,ixmap-sol6-il6-i jl6 j) 

'(, (sp-id 8) i (:fix 6)) <(, (sp-id 8) j (:fix 7)))) 
' (+1 , (sp-x ' (il6 jl6) 

' ( , ixmap-sol6-il6-i* il6 i) 
' ( , ixmap-sol6-il6-i* jl6 j) 

'(, (sp-id 8) i (:fix 6)) <(, (sp-id 8) j (:fix 7))))) 



il6 jl6)) 

)) 

#(11111111) 



(def var phi-g2xf 4 (poexp* 1 (e8-potential-f rom-v-theta v-rot-su33 theta-g2xf 4) ) ) 

(def var phi-g2xf 4-so8 (poexp* 1 (e8-potential-f rom-v-theta v-rot-su33 (e8-theta-so-p 8) ) ) ) 

; ; (def var phi-g2xf 4-so7 (poexp* 1 (e8-potential-f rom-v-theta v-rot-su33 (e8-theta-so-p 7) ) ) ) 



B.6 The E 7{ _ 5) x SU(2) potential 

(eval-when (compile load eval) 
(require : e8-supergravity) 
(require : cartan-dynkin) 
(use-package :tf -spellbook) 
(use-package : lambdatensor) ) 

(setf *bytes-consed-between-gcs* 40000000) 

(defvar r+ (sp-f ind-root-operator e8-fabc e8-v-cartan-ac #(-1/2 -1/2 -1/2 -1/2 -1/2 -1/2 -1/2 -1/2))) 
(defvar r- (sp-map #'conjugate r+)) 

(setf rl (sp+ '(1/2 ,r+) '(1/2 ,r-))) 

(setf r2 (sp+ < (#c(0 1/2) ,r+) < (#c(0 -1/2) ,r-))) 

(setf rO (e8-ac-[] rl r2)) 

;; These indeed do close and form a SL(2) . 

;; Let us add #(-1/2 -1/2 -1/2 -1/2 1/2 1/2 1/2 1/2), which are also not in e7xsu2: 

(defvar r2+ (sp-f ind-root-operator e8-fabc e8-v-cartan-ac #(-1/2 -1/2 -1/2 -1/2 1/2 1/2 1/2 1/2))) 
(defvar r2- (sp-map #'conjugate r2+)) 

(defvar r21 (sp+ '(1/2 ,r2+) '(1/2 ,r2-))) 

(defvar r22 (sp+ < (#c(0 1/2) ,r2+) < (#c(0 -1/2) ,r2-))) 

(defvar r20 (e8-ac- [] r21 r22)) 

(defvar v-rot-sl2"2 

(let* ((r0-scaled (sp-scale rO 1/2)) ; then, [r0,rl]=- 2r2, [rl,r2]-2r0, [r2,r0]=-2rl 
(r20-scaled (sp-scale r20 1/2)) 
(rot-vs 

(sp* (poexp-make-rot (sp-ac-to-generator e8-f abc rO-scaled) 'v) 
(poexp-make-rot (sp-ac-to-generator e8-f abc rl) ' s) ) ) 
(rot-wz 

(sp* (poexp-make-rot (sp-ac-to-generator e8-fabc r20-scaled) 'w) 
(poexp-make-rot (sp-ac-to-generator e8-f abc r21) 'z) ) ) ) 
(sp* rot-vs rot-wz) ) ) 

(setf theta-e7xsu2 

(let* ( (8-4a (sp-generate-indexsplit-tensor 8 ' (4) ) ) 

(8-4b (sp-generate-indexsplit-tensor 8 ' (4) : offset 4) ) 
(part -abed 
(sp-x ' (p a q b) 
1/2 

'(, (sp-id 8) p q) 
'(,(sp+ (sp-id 8) 

(sp-x '(a b) ' (,so8-sigma-ijkl-ab (:fix 0) (:fix 1) (:fix 2) (:fix 3) a b))) a b) ) ) 

(part-a*b*c*d* 
(sp-x ' (p a q b) 
1/2 

'(, (sp-id 8) p q) 
'(,(sp+ (sp-id 8) 

(sp-x '(a b) ' (,so8-sigraa-ijkl-a*b* (:fix 0) (:fix 1) (:fix 2) (:fix 3) a b) ) ) a b))) 

(part-ijkl 
(sp+ '(+1/2 ,(sp-x ' (a8 b8 c8 d8) 

' ( , (sp-antisymmetrizer 4 2) a4 b4 c4 d4) 

'(,8-4a a8 a4) '(,8-4a b8 b4) , (,8-4a c8 c4) '(,8-4a d8 d4))) 
'(-1/2 ,(sp-x '(a8 b8 c8 d8) 

1 (, (sp-antisymmetrizer 4 2) a4 b4 c4 d4) 
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[ (,8-4b a8 a4) ' (,8-4b b8 b4) '(,8-4b c8 c4) 
' (+12 , (sp-x ' (i j k 1) ' ( , (sp-antisymmetrizer 8 4) i j k 
(part-i*j*k*l* (sp-scale (sp-antisymmetrizer 8 2) -1/2)) 
(part-ij*kl* 
(sp-x ' (i j k 1) 



, (sp-id 8) j 1) 

, (sp-id 4) i4 k4) 

,8-4b i i4) f (,8-4b k k4)))) 



(,8-4b d8 d4))) 
1 (:fix 0) (:fix 



1) (:fix 2) (:fix 3)))))) 



(sp+ 
(sp-x 



(sp-x 



(sp-x 



(sp-x 



(sp-x 



(e8-a e8-b) 

( , ixmap-e8-sol6-alphabeta e8-a alpha beta) 
( , ixmap-e8-sol6-alphabeta e8-b gamma delta) 
(, part-abed alpha beta gamma delta)) 
(e8-a e8-b) 

(,ixmap-e8-sol6-alpha*beta* e8-a alpha* beta*) 
( , ixmap-e8-sol6-alpha*beta* e8-b gamma* delta*) 
( ,part-a*b*c*d* alpha* beta* gamma* delta*) ) 
(e8-a e8-b) 

( , ixmap-e8-sol6-i j e8-a i j ) ' ( , ixmap-e8-sol6-i j e8-b kl) 
(,ixmap-sol6-ij-i-j ij il6 j 16) ' ( , ixmap-sol6-ij-i-j kl kl6 116) 
( , ixmap-sol6-il6-i il6 i) ' ( , ixmap-sol6-il6-i j 16 j ) 
(,ixmap-sol6-il6-i kl6 k) ' ( , ixmap-sol6-il6-i 116 1) 
(,part-ijkl i j k 1)) 
(e8-a e8-b) 

( , ixmap-e8-sol6-i j e8-a i j ) ' ( , ixmap-e8-sol6-i j e8-b kl) 
(,ixmap-sol6-ij-i-j ij il6 j 16) ' ( , ixmap-sol6-ij-i-j kl kl6 116) 
(,ixmap-sol6-il6-i* il6 i) ' ( , ixmap-sol6-il6-i* j 16 j) 
(,ixmap-sol6-il6-i* kl6 k) ' ( , ixmap-sol6-il6-i* 116 1) 
(,part-i*j*k*l* i j k 1)) 
(e8-a e8-b) 

( , ixmap-e8-sol6-i j e8-a i j ) ' ( , ixmap-e8-sol6-i j e8-b kl) 
(,ixmap-sol6-ij-i-j ij il6 j 16) ' ( , ixmap-sol6-ij-i-j kl kl6 116) 
(,ixmap-sol6-il6-i il6 i) ' ( , ixmap-sol6-il6-i* j 16 j) 
(,ixmap-sol6-il6-i kl6 k) ' ( , ixmap-sol6-il6-i* 116 1) 
(,part-ij*kl* i j k 1))))) 



(def var phi-e7xsu2 (e8-potential-f rom-v-theta v-rot-sl2"2 theta-e7xsu2) ) 



* PHI-E7XSU2 

#<poexp-term 39/4+1/4 cosh(4 z)+l/4 cosh(4 s)+6 cosh(2 s) cosh(2 z)-l/4 cosh(4 s) cosh(4 z)> 
l# 

(defvar v-stationary-sl2"2 

(let* ((k (* 1/2 (log (+ 2 (sqrt 3.0d0))))) 
(rot (sp-exp 

( sp- change - ar i t h 
(sp-ac-to-generator e8-fabc (sp+ ' (,k ,rl) ' (,k ,r21))) 
*sp-arith-double-f loat*) ) ) ) 

rot)) 



; ; (e8-numeric-potential-all-derivs v-stationary-sl2~2 theta-e7xsu2) => truly stationary. 
; ; A123 condition also shows this. 



B.7 The D = 4 N = 8 potential 

Since this problem is so complex that it requires splitting of sub-problems, 
the code given here is especially instructive when machine limitations have 
to be overcome. 



(eval-when (compile load eval) 
(progn 

(require : e7-supergravity) 
(use-package : tf -spellbook) 
(use-package : lambdatensor) ) ) 

(eval-when (compile load eval) 
(progn 

(setf lambdatensor: : *poexp-vars* 
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(map ' simple-array # ' identity ' (rho alpha 

f34 w34 f35 w35 f36 w36 f37 w37 
))) 

(setf (lambdatensor : : sp-arith-converter lambdatensor : : *sp-arith-poexp*) 

#' (lambda (x) (lambdatensor: :poexp-converter x lambdatensor: : *poexp-vars*) ) ) 

)) 

(setf *bytes-consed-between-gcs* 40000000) 

(defvar e7-eta_ab (sp-x '(a b) 1/288 '(,e7-fabc a p q) ( (,e7-fabc b q p))) 
(def var e7-eta~ab (sp- invert e7-eta_ab) ) 

(defvar v-e7-so3-singlets-re-ac ; from spinors 
(map ' (simple-array * (*) ) 
# ' (lambda (n) 

(let* ((indices (append '(0 12) ' (,n))) 

(fixation (mapcar #' (lambda (n) ' ( :f ix ,n) ) indices) ) 
(psi-s (sp-x '(e7-ac~) 

' (,e7-eta~ab e7-ac~ e7-ac_) 
' ( , ixmap-e7-35s e7-ac_ 35s) 
' (,e7-35s 35s ,<3f ixation) ) ) ) 

psi-s)) 
'(3456 7))) 

(defvar v-e7-so3-singlets-im-ac ; from co-spinors 
(map ' (simple-array * (*) ) 
#' (lambda (n) 

(let* ((indices (append '(0 12) ' (,n))) 

(fixation (mapcar #' (lambda (n) ' ( :f ix ,n) ) indices) ) 
(psi-c (sp-x ' (e7-ac~) 

' (,e7-eta"ab e7-ac~ e7-ac_) 
' ( , ixmap-e7-35c e7-ac_ 35c) 
' (,e7-35c 35c , ©fixation)))) 

psi-c)) 
'(3456 7))) 

(defvar so8-T28-8-8 (sp-generate-so-split-tensor 8)) 

(defvar so3-in-e7-v-ac 

(map ' (simple-array * (*) ) 
#' (lambda (so8-ij) 
(sp-x ' (e7-ac) 

' ( , ixmap-e7-so8 

e7-ac (:fix , (hv so8-ht-ij-i+j so8-ij))))) 
'((0 . 1) (0 . 2) (1 . 2)))) 

(defvar so3-in-e7 (map 'simple-array #' (lambda (x) (sp-ac-to-generator e7-Tabc x)) so3-in-e7-v-ac) ) 

(defvar v-e7-so3-singlets-re (map ' simple-array #' (lambda (x) (sp-ac-to-generator e7-Tabc x) ) v-e7-so3-singlets-re-ac) ) 
(defvar v-e7-so3-singlets-im (map ' simple-array #' (lambda (x) (sp-ac-to-generator e7-Tabc x) ) v-e7-so3-singlets-im-ac) ) 



(defvar v-e7-Tab 

(map ' simple-array #' (lambda (n) (sp-x ' (a b) ' ( , e7-Tabc ( : f ix ,n) a b) ) ) (v-int -range 133) ) ) 

(defun angles-by-coef f s (&rest li-coef f s) 

(let* ((v-coeffs (coerce li-coeffs '(simple-array * (5)))) ; error on wrong length. 
(phi3 (aref v-coeffs 0) ) 
(phi4 (aref v-coeffs 1) ) 
(phi5 (aref v-coeffs 2) ) 
(phi6 (aref v-coeffs 3)) 
(phi7 (aref v-coeffs 4) ) 

(f34 (* 0.5 (phase (/ phi4 phi3)))) 

(ef34+ (cis f34)) 

(ef34- (cis (- f34))) 

(phi4f (* ef34- phi4)) 

(phi3f (* ef34+ phi3)) 

(w34 (atan (/ phi4f phi3f))) 

(phi3f4 (/ phi3f (cos w34))) 

(f35 (* 0.5 (phase (/ phi5 phi3f4)))) 

(ef35+ (cis f35)) 

(ef35- (cis (- f35))) 

(phi5f (* ef35- phi5)) 

(phi3f4f (* ef35+ phi3f4)) 

(w35 (atan (/ phi5f phi3f4f))) 

(phi3f4f5 (/ phi3f4f (cos w35))) 

(f36 (* 0.5 (phase (/ phi6 phi3f4f5)))) 
(ef36+ (cis f36)) 
(ef36- (cis (- f36))) 
(phi6f (* ef36- phi6)) 
(phi3f4f5f (* ef36+ phi3f4f5)) 
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(w36 (atan (/ phi6f phi3f 4f Bf ) ) ) 
Cphi3f4f5f6 (/ phi3f4f5f (cos w36))) 

Cf37 (* 0.5 (phase (/ phi7 phi3f 4f Bf 6) ) ) ) 

(ef37+ (cis f37)) 

Cef37- (cis (- f37))) 

Cphi7f (* ef37- phi7)) 

Cphi3f4f5f6f (* ef37+ phi3f4f5f6)) 

(w37 (atan (/ phi7f phi3f 4f 5f 6f ) ) ) 

Cphi3f4f5f6f7 (/ phi3f4f5f6f (cos w37))) 

)' 

(vector (- f34) (- w34) (- f35) (- w35) (- f36) (- w36) (- f37) (- w37) phi3f 4f 5f 6f 7) ) ) 



; ; noninf initesimal su8-so8 rotation 



(def un su8-so8-rotation (alpha so8-j so8-k &key (arith *sp-arith-complex-double-f loat*) (converter (sp-arith-converter arith) ) ) 
(let* ( (mx (make-sp-array '(8 8) : arith arith)) 
(ca 

(if (eq (sp-arith-name arith) : complex-double-float) ; special case needed, since we don't promote a number, 
(funcall converter (cos alpha) ) 
(f uncall converter ' (cos , alpha) ) ) ) 



(sa 

(if (eq (sp-arith-name arith) : complex-double-float) 
(funcall converter (sin alpha)) 
(funcall converter ' (sin .alpha)))) 
(-sa (funcall (sp-arith-sub arith) (funcall converter 0) sa) ) 
(cl (funcall converter 1) ) ) 
(dotimes (j 8) (sp-set! mx cl j j)) ; init diag 
(sp-set! mx ca so8-j so8-j) 
(sp-set! mx ca so8-k so8-k) 
(sp-set! mx sa so8-j so8-k) 
(sp-set! mx -sa so8-k so8-j) 
mx)) 



; ; diag(l, . . . , [pos-j :=exp(i*phase)] ,1, . . . , [pos-k:=exp(-i*phase)] ,1, . . .1) 



(def un su8-f -rotation (phase j k &key (arith *sp-arith-complex-double-f loat*) (converter (sp-arith-converter arith) ) ) 
(let* ( (mx (make-sp-array '(8 8) : arith arith)) 
(cl (funcall converter 1) ) ) 
(dotimes (n 8) (sp-set! mx cl n n)) 
(cond 

( (eq (sp-arith-name arith) : complex-double -f loat) 
(sp-set ! mx (funcall converter (cis phase) ) j j ) 
(sp-set! mx (funcall converter (cis (- phase))) k k)) 

ct 

(sp-set ! mx (funcall converter ' (exp (* , (complex 1) .phase) ) ) j j ) 
(sp-set! mx (funcall converter '(exp (* .(complex -1) .phase))) k k) ) ) 
mx)) 



;; combine all the alphas given by angles-by-coef f s into one big SU(8) rotation that does the miracle 



(def un full-su8-tf-rotation (vec-alphas &key symbolic (how-many 10) ) 
(mv-bind (arith converter) 
(if symbolic 

(values *sp-arith-poexp* #' (lambda (term) (fp-naive-to-poexp (convert -to 
(values *sp-arith-complex-double-f loat* #' (lambda (x) (coerce x ' (complex 
(apply #' sp* 



-f p term) *poexp-vars*) ) ) 
double-float))))) 



S(if (> how-many 2) (list (su8-f -rotation (aref vec-alphas 0) 

S(if (> how-many 3) (list (su8-so8-rotation (aref vec-alphas 1) 

@(if (> how-many 4) (list (su8-f -rotation (aref vec-alphas 2) 

S(if (> how-many 5) (list (su8-so8-rotation (aref vec-alphas 3) 

@(if (> how-many 6) (list (su8-f -rotation (aref vec-alphas 4) 

@(if (> how-many 7) (list (su8-so8-rotation (aref vec-alphas 5) 

S(if (> how-many 8) (list (su8-f -rotation (aref vec-alphas 6) 

S(if (> how-many 9) (list (su8-so8-rotation (aref vec-alphas 7) 



3 


4 


: arith 


arith 


: converter 


converter) ) 


nil) 


3 


4 


: arith 


arith 


: converter 


converter) ) 


nil) 


3 


5 


: arith 


arith 


: converter 


converter) ) 


nil) 


3 


6 


: arith 


arith 


: converter 


converter) ) 


nil) 


3 


6 


: arith 


arith 


: converter 


converter) ) 


nil) 


3 


6 


: arith 


arith 


: converter 


converter) ) 


nil) 


3 


7 


: arith 


arith 


: converter 


converter) ) 


nil) 


3 


7 


: arith 


arith 


: converter 


converter) ) 


nil))))) 



We must be able to lift SU(8) rotations to E7. 
This we have to do via a function, not a tensor, 
since the result is quadratic in the arg. 



;; Note: this version is quite slow. Hence, we try a different 
;; approach further below, setting tensor indices directly. 

(defun e7-su8-rotations (su8) 

(let* ((arith (sp-array-arith su8)) 
(mult (sp-arith-mult arith) ) 
(converter (sp-arith-converter arith) ) 
(one (funcall converter 1) ) 
(add (sp-arith-add arith) ) 
(minus-one (funcall converter -1) ) 
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(one-half (f uncall converter 1/2) ) 
(conj (sp-arith-conj arith) ) 

(su8-conj (sp-map #' (lambda (x) (funcall conj x)) su8)) 
(antiS (sp-antisymmetrizer 8 2)) 
(rotation 
(sp+ 

' (+1/2 , (sp-x ' (a56 b56) 

' (,ixmap-56-28a a56 a28) 
' (,ixmap-56-28a b56 b28) 
' (,so8-T28-8-8 a28 a8k a81) 
<(,so8-T28-8-8 b28 b8i b8j) 
' (,su8 a8k b8i) 
' (,su8 a81 b8j))) 
' (1/2 , (sp-x ' (a56 b56) 

' (,ixmap-56-28b a56 a28) 
'(,ixmap-56-28b b56 b28) 
' ( ,so8-T28-8-8 a28 a8p a8r) 
'(,308-128-8-8 b28 b8q b8s) 
'CsuS-conj a8p b8q) 
'(,su8-conj a8r b8s))))) 
(inv-rotation ; adjoint = hermit ian conjugate 
(sp+ 

' (1/2 , (sp-x ' (a56 b56) 

' (,ixmap-56-28a a56 a28) 

'(,ixmap-56-28a b56 b28) 

'(,so8-T28-8-8 a28 a8k a81) 

'(,so8-T28-8-8 b28 b8i b8j) 

' ( , su8-conj b8i a8k) 

'(,su8-conj b8j a81))) 
' (1/2 , (sp-x ' (a56 b56) 

( (,ixmap-56-28b a56 a28) 

' (,ixmap-56-28b b56 b28) 

'(,so8-T28-8-8 a28 a8p a8r) 

'(,308-128-8-8 b28 b8q b8s) 

' (,su8 b8q a8p) 

f (,su8 b8s a8r)))))) 
(cons rotation inv-rotation) ) ) 

; ; As is explicitly demonstrated by test examples, 

;; this is equivalent to the function above, but works faster. 

(defun e7-su8-rotations-quick (su8) 
(let* ( (arith (sp-array-arith su8) ) 
(mult (sp-arith-mult arith) ) 
(converter (sp-arith-converter arith) ) 
(one (funcall converter 1 ) ) 
(add (sp-arith-add arith)) 
(minus-one (funcall converter -1) ) 
(one-half (funcall converter 1/2) ) 
(conj (sp-arith-conj arith) ) 

) 

(let ((rotation (make-sp-array '(56 56) : arith arith)) 

(inv-rotation (make-sp-array '(56 56) : arith arith))) 
(labels 

( (build-rotation (rotation su8) 
(sp-do 

#' (lambda (posl vail) 
(sp-do 

#' (lambda (pos2 val2) 

(if (and (i/= (aref posl 0) (aref pos2 0)) 
(i/= (aref posl 1) (aref pos2 1))) 
(mv-bind (ixpairl f actor 1) 

(if (i< (aref posl 0) (aref pos2 0)) 

(values (hv so8-ht-ij-i+j (cons (aref posl 0) (aref pos2 0) ) ) one) 
(values (hv so8-ht-ij-i+j (cons (aref pos2 0) (aref posl 0))) minus-one)) 
(mv-bind (ixpair2 f actor2) 

(if (i< (aref posl 1) (aref pos2 1)) 

(values (hv so8-ht-ij-i+j (cons (aref posl 1) (aref pos2 1) ) ) one) 
(values (hv so8-ht-ij-i+j (cons (aref pos2 1) (aref posl 1) ) ) minus-one) ) 
(let* ( (contrib (funcall mult one-half f actorl f actor2 vail val2) ) 
; ; 1/2 is nontrivial multiplicity/symmetrization factor, 
(conj -contrib (funcall conj contrib) ) 
(ixpairl+28 (i+ 28 ixpairl)) 
(ixpair2+28 (i+ 28 ixpair2))) 
(sp-set ! rotation 

(funcall add contrib 

(sp-ref rotation ixpairl ixpair2) ) 
ixpairl ixpair2) 
(sp-set ! rotation 

(funcall add conj -contrib 

(sp-ref rotation ixpairl+28 ixpair2+28) ) 
ixpairl+28 ixpair2+28) ) ) ) ) ) 

su8)) 
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su8) ) ) 

(build-rotation rotation su8) 

(build-rotation inv-rotation (sp-map conj (sp-x ' (b a) '(,su8 a b)))) 

(cons rotation inv-rotation) 

)))) 

;; Dur "start singlet" is also the first singlet from v-e7-so3-singlets-re-ac : 

(defvar phi3s-ac 
(sp-x ' (e7-ac~) 

' ( , e7-eta"ab e7-ac~ e7-ac_) 
' (,ixmap-e7-35s e7-ac_ 35s) 

£ C,e7-35s 35s ,@(mapcar #' (lambda (x) <(:fix ,x)) '(0 1 2 3))))) 

(defvar phi3c-ac 
(sp-x ' (e7-ac") 

'(,e7-eta"ab e7-ac~ ©7-ac_) 
' ( , ixmap-e7-35c e7-ac_ 35c) 

£ C,e7-35c 35c ,<3(mapcar #' (lambda (x) <(:fix ,x)) '(0 1 2 3))))) 



(defvar phi3s (sp-scale (sp-ac-to-generator e7-Tabc phi3s-ac) 1/16)) 
(defvar phi3c (sp-scale (sp-ac-to-generator e7-Tabc phi3c-ac) 1/16)) 
(defvar phi3v (sp-scale (sp-[] phi3s phi3c) 2)) 

;; without the extra factor 2, all three generators would share the same normalization, 
;; but it makes sense for exponentiation. 

(defvar phi3s-num (sp-change-arith phi3s *sp-arith-complex-double-f loat*) ) 
(defvar phi3c-num (sp-change-arith phi3c *sp-arith-complex-double-f loat*) ) 
(defvar phi3v-num (sp-change-arith phi3v *sp-arith-complex-double-f loat*) ) 

;; Smallest positive angle for rotation^identity for phi3v-num = 2pi 

; ; Note that due to the occurrence of imaginary entries in these 
;; matrices, we have to generate these rotations by hand. 

;; In our conventions, phi3v is quite simple: it is a submatrix of id*i/2, 

;; but we can only use this isofar as to do simple naive sin/cos exponentiation. 

(defvar phi3-sl2-symbolic 

(let* ( (phi3v-po (sp-change-arith phi3v *sp-arith-poexp*) ) 

(sin-alpha-po (fp-naive-to-poexp ( convert- to-fp ' (sin (* 1/2 alpha) ) ) *poexp-vars*) ) 
(sin-alpha*-po (fp-naive-to-poexp (convert-to-fp ' (sin (* -1/2 alpha))) *poexp-vars*) ) 

(cos-alpha-l-po (poexp* -1 (poexp+ (fp-naive-to-poexp (convert-to-fp ' (cos (* 1/2 alpha) ) ) *poexp-vars*) -1) ) ) 
(sin-part (sp-scale phi3v-po sin-alpha-po) ) 
(sin*-part (sp-scale phi3v-po sin-alpha*-po) ) 

(cos-l-part (sp-scale (sp* phi3v-po phi3v-po) cos-alpha-l-po)) 
(r-alpha (sp+ sin-part cos-l-part (sp-id 56 : arith *sp-arith-poexp*) ) ) 
(r-alpha* (sp+ sin*-part cos-l-part (sp-id 56 : arith *sp-arith-poexp*) ) ) 
(r-rho (poexp-make-rot phi3s 'rho) ) ) 
(sp* r-alpha* r-rho r-alpha) 

» 



;; Note that the last two components are arg and abs of the noncompact direction! 

(def un e7-10-potential-numeric -angular-direct (v) 

(let* ( (rotations (e7-su8-rotat ions-quick (full-su8-tf -rotation v) ) ) 
(arg-alpha (aref v 8)) 

(abs-alpha (aref v 9)) ; XXX N.W. would have an extra l/sqrt2 factor in there! 
(alpha (* abs-alpha (cis arg-alpha))) 
(rot-phi3s (sp* (car rotations) 

(sp-exp (sp+ ' (, (realpart alpha) ,phi3s-num) 

' (, (imagpart alpha) ,phi3c-num) ) ) 
(cdr rotations)))) 
(e7-potential-f rom-v rot-phi3s) ) ) 



(defvar e7-10-v56-f ull 

(let ( (rotations (e7-su8-rotat ions-quick 

(full-su8-tf-rotation #(f34 w34 f35 w35 f36 w36 f37 w37) : symbolic t :how-many 10)))) 
(sp* (car rotations) 

phi3-sl2-symbolic 
(cdr rotations)))) 

; ; Make use of the invariance of alpha: 

(defvar e7-10-v56 

(let ( (rotations (e7-su8-rotat ions-quick 

(full-su8-tf-rotation #(f34 w34 f35 w35 f36 w36 f37 w37) : symbolic t :how-many 10))) 
(phi3-sl2-noalpha (poexp-make-rot phi3s ' rho) ) ) 
(sp* (car rotations) 
phi3-sl2-noalpha 
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(cdr rotations)))) 
(defvar e7-t-tensor-so3 (e7-compute-t-tensor e7-10-v56)) 
(save-lisp "/tmp/ e7-t -tensor . core" ) 
;; Then, in one new run 

; ; (note that this requires -dynamic-space-size 1660 
; ; and enough RAM + swap space) 

(setf *e7-last-computed-t-tensor* nil) 

(setf a2- tensor (e7-a2-tensor e7- 1- tensor- so3) ) 

(setf e7-t-tensor-so3 nil) 

Cgc :full t) 

(setf a2- tensor (sp-make-equalp-eq a2- tensor) ) 

Note that here, we employ the antisymmetry of a2 ! 
;; (poexp- (sp-ref a2-tensor 4 7 0) (sp-ref a2-tensor 0047)) => 

(sp-do 

#' (lambda (p v) 

(if (and « (aref p 1) (aref p 2)) 
« (aref p 2) (aref p 3))) 
(progn 

(format t "working on ~S~%" p) (finish-output) 
(let* ( (v* (poexp-conj v) ) 

(vv* (poexp* 6 v v*))) 
(serialize-to 
(format nil "/tmp/e7-tensor-pieces/a2/~A" p) 
vv*) 

) 

(gc :full t)))) 

a2-tensor) 

;; Starting with the original T tensor, we next calculate Al: 

(setf *e7-last- computed- t -tensor* nil) 

(setf al- tensor (e7-al -tensor e7-t-tensor-so3) b 0) 

(setf e7-t-tensor-so3 nil) 

;; Unfortunately, the naive approach does not work, since 
;; this problem also is large. 

(sp-do 

#' (lambda (p v) 

(if (and (<= (aref p 0) (aref p 1)) 
(not (unix : unix-stat 

(format nil "/tmp/ e7-tensor-pieces/al/~A" p) ) ) ) 
(let ((symm-factor (if (= (aref p 0) (aref p 1)) 1 2))) 
(format t "working on ~S~°/„" p) (finish-output) 
(let ( (v* (poexp-conj v) ) 

(nr-terms (length (lambdatensor : : poexp-term-summands v) ) ) ) 
(if (< nr-terms 120) 

(let ((vv* (poexp* symm-factor v v*))) 
(serialize-to 
(format nil "/tmp/ e7-tensor-pieces/al/~A" p) 
vv*) 

(gc :full t)) 

;; Otherwise, we better split our term... 
(let ((nr-terms/4 (ceiling nr-terms 4))) 

(format t "~A terms - better split ! ~°/„" nr-terms) ; DDD 
(do ((j (+ j nr-terms/4))) 
( (>= j nr-terms) ) 
(let ( (part-vj (lambdatensor : :make-poexp-term 

(lambdatensor: : poexp-term-vars v) 
(subseq (lambdatensor : : poexp-term-summands v) j 
(min nr-terms (+ j nr-terms/4)))))) 
(do ((k (+ k nr-terms/4))) 
((>= k nr-terms)) 
(let* ( (part-v*k (lambdatensor : :make-poexp-term 

(lambdatensor: :poexp-term-vars v) 
(subseq (lambdatensor : : poexp-term-summands v*) k 
(min nr-terms (+ k nr-terms/4))))) 
(part-vj v*k (poexp* part-vj part-v*k) ) ) 
(format t "Doing part ~D/~D~°/," j k) (finish- out put) 
(serialize-to 

(format nil "/tmp/ e7-tensor-pieces/al/~A_~D-~D@~Dx~D-~D<3~D" p j 
(min nr-terms (+ j nr-terms/4)) nr-terms 
k (min nr-terms (+ k nr-terms/4)) nr-terms) 

part-vjv*k) 

(gc :full t»»»)»» 

al-tensor) 
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;; By default, symbols from the LAMBDATENSDR package are not re-serialized. Change that. 



(setf (hv *SERIALIZATION-ALLDWED-PACKAGES» "LAMBDATENSDR") t) 



; ; Another unfortunate thing: we do not have a readdirO in LISP - 
;; hence, had to hard-code the following pathnames: 



(defvar al-files 
'( 

"#(0 0)" 

"#(1 1)" 

"#(2 2)" 

"#C3 3)_0-158®630x0-1588630" 

"#C3 3)_0-1588630xl58-3168630" 
...)) 



(defvar a2-files 
'( 

"#C0 3 4)" 

"#C0 3 5)" 

"#C0 3 6)" 

"#C0 3 7)" 
...)) 



(defvar al~2 
(let ((sum 0)) 

(dolist (f al-files) 

(format t "re- serializing ~S~°/," f ) 

(let ( (z (re-serialize (qcat (format nil "/tmp/e7-tensor-pieces/ al/~A" f ) ) ) ) ) 
(setf sum (poexp+ sum z)))) 
(poexp* sum 1))) 



(defvar a2~2 
(let ((sum 0)) 

(dolist (f a2-files) 

(format t "re- serializing ~S~°/," f ) 

(let ( (z (re-serialize (qcat (format nil "/tmp/e7-tensor-pieces/ a2/~A" f ) ) ) ) ) 
(setf sum (poexp+ sum z) ) ) ) 
(poexp* sum 1))) 

(defvar e7-so3-potential 

(poexp+ (poexp* 1/24 a2"2) (poexp* -3/4 al"2))) 

#1 

And indeed: 

Cpoexp-assoc-eval e7-so3-potential ' C Cf 34 . 0) (f35 . 0) (f36 . 0) Cf37 . 0) Cw34 . 0) 

(w35 . 0) Cw36 . 0) Cw37 . 0) (rho . 0))) 

-> #C(-6.0dO O.OdO) 

Ce7-10-potential-numeric-angular-direct (to-vdf #(1.2 2.1 0.3 0.5 0.7 2.4 1.3 2.2 0.2 1.0))) 
=> #C(-7.062007741314236d0 O.OdO) 

Cpoexp-assoc-eval e7-so3-potential ' C Cf 34 . 1.2d0) (w34 . 2.1d0) Cf35 . 0.3d0) Cw35 . 0.5d0) 

(f36 . 0.7d0) Cw36 . 2.4d0) Cf37 . 1.3d0) Cw37 . 2.2d0) 
(rho . l.OdO))) 

-> #C(-7.0619974280259505d0 O.OdO) 
l# 
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